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Abstract

How are different households affected by the structure and regulation of the financial sector?
To answer this question, we build a heterogeneous-agent macro-finance model with house-
holds facing asset market participation constraints, banks providing deposits, funds providing
insurance/pension products, and endogenous asset price volatility. We develop a novel deep
learning approach to globally solve this and other macro-finance models. Counterfactual ex-
periments reveal policy trade-offs: tighter financial sector restrictions increase stability but
lead to lower growth and/or higher inequality because richer households are better able to take
advantage of the higher spreads created by the regulations.
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1 Introduction

A large literature has established that financial institutions face frictions and regulations that con-
strain lending, segment markets, and influence asset pricing. What is less understood is how these
features of the financial sector affect and are affected by different households. Are poorer house-
holds more exposed to financial intermediary risk because they are more dependent on banking,
pension, and/or insurance products? Can wealthier households take advantage of the higher asset
pricing spreads from financial regulations? How does household demand for different financial
services impact the funding costs of different financial intermediaries? Does household inequality
affect risk sharing and investment? This paper studies these macro-finance connections and shows
that policy makers face novel and subtle tradeoffs between managing financial stability, economic
growth, and household inequality.

We make three main contributions. First, we develop a novel quantitative heterogeneous-agent
macro-finance (HAMF) model that embeds different types of financial intermediaries (namely
banks and pension/insurance funds) and endogenous volatility into a continuous-time heteroge-
neous agent real business cycle environment. This allows us to bridge the different intermediary
asset pricing and macroeconomics literatures. Second, we develop a deep-learning approach to
characterize global solutions to our model. This overcomes the major technical challenge for
heterogeneous-agent macro-finance that standard numerical techniques cannot handle environ-
ments like ours with aggregate risk, constrained portfolio choice, and a non-degenerate distribution
of household wealth. Finally, we calibrate the model to the post-2010 period, examine how fric-
tions in the household sector interact with asset pricing and inequality, and conduct counterfactual
experiments with alternative regulation on banks and pension/insurance funds.

The details of our model are outlined in Section 2. The economy is populated by overlapping
generations of price-taking households who retire at random times, which we model as exit from
the productive economy. Households face two frictions: they incur costs when they participate
directly in capital markets and they cannot contract among each other to insure retirement shocks.
There are two types of financiers who provide services to help households overcome these frictions:
bankers and fund managers. Bankers issue risk-free short-term deposits while the fund managers
issue contracts that pay out when agents retire, which we refer to as “pensions” and interpret as a
combination of pension and life insurance services. Both types of financiers can also issue long-
term bonds and face equity raising constraints that prevent them from quickly recapitalizing after
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taxes, and potentially places regulatory portfolio restrictions on the financial intermediaries.

Our environment is constructed to nest a collection of key macro-finance models. If we restrict
household preferences so that households only consume at retirement, then we recover the inelastic
“preferred habitat” asset demand functions for long-maturity assets in Vayanos and Vila (2021).
Alternatively, if we eliminate retirement and household participation frictions, then we recover
the Brunnermeier and Sannikov (2014) model in which bankers borrow from households and all
types of agents participate together in the capital market. If we take the household participation
friction to infinity, then we recover a segmented market model similar to Gertler and Kiyotaki
(2010) where only bankers have access to direct investment in productive capital. The flexibility
(and complexity) in our household choice problem allows us to incorporate these different models
into one framework. It also allows us to link frictions in the household sector directly to financial
intermediary portfolio choices and constraints.

A key feature of our model is that households make portfolio choices by balancing the stan-
dard frictionless risk-return tradeoff with the additional distortions from the frictions that penalize
capital market participation and generate demand for pension products. One implication is that
richer households choose to hold a greater fraction of their wealth in capital while poorer house-
holds choose relatively more deposits and all agents allocate a similar fraction of their wealth
to pensions. Ultimately, this household portfolio heterogeneity, combined with the incompletely
insurable retirement shocks, generates a non-degenerate household wealth distribution. Another
implication is that household pension demand becomes highly return inelastic once pension hold-
ings become large whereas household deposit demand does not. This means that pension demand
is less sensitive to returns and household wealth changes than than deposit demand.

We calibrate our baseline model to match asset pricing spreads and agent portfolios in the post-
financial crisis period (2010Q1 to 2024Q4). We draw a collection of lessons about the quantitative
impact of the household portfolio choice frictions. First, wealthier households earn a higher return
on their wealth than poorer households because they hold more of their wealth in capital and so earn
higher premiums. This means that shocks or policy changes that end up increasing Sharpe ratios
have subtle and ambiguous effects on inequality. To understand this, consider how a higher Sharpe
ratio impacts different households, holding all else constant. On the one hand, it disproportionately
benefits the richer households who already hold a large fraction of their wealth directly in capital
stock (an “intensive margin” effect). That is, richer households have better access to asset markets
and so are better able to take advantage of higher returns. On the other hand, a higher risk adjusted
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differences across the wealth distribution. This is because, for poorer households, the Sharpe
ratio offsets the participation cost and so leads them to participate more in the capital market (an
“extensive” margin effect). The result is that, in partial equilibrium, a small increase in the Sharpe
ratio increases inequality because the intensive margin effect dominates while a sufficiently large
increase in the Sharpe ratio decreases inequality because the extensive margin effect dominates.
The lower the household participation cost, the more the extensive margin effect dominates. In
general equilibrium, the entry of poorer households into the capital market then affects aggregate
risk sharing and so the Sharpe ratio.

Second, a higher capital market participation penalty leads to lower social mobility. In our
model, social mobility is governed by how quickly a generation of agents is able to accumulate
wealth. This, in turn, is governed by how severely the household portfolio constraints bind for
poorer agent and the size of the endogenous risk premium. We show that an increase in the par-
ticipation cost leads to a decrease in social mobility. An important advantage of solving a model
with a full wealth distribution is that we can study social mobility because the model captures how
households endogenously transition between being rich and poor. By contrast, if we had a lower
dimensional model with two types of households (e.g. capital market participants and non-capital
market participants), then households would be permanently rich or poor (or potentially transition
between rich and poor at an exogenous rate).

Third, relative to bankers, fund managers are both less able to expand their balance sheet and
more able to absorb risk. The former occurs because household demand for pensions becomes
relatively unresponsive to returns once pension holdings are high and so it is very costly for fund
managers to scale up their balance sheet. By contrast, household demand for deposits grows ap-
proximately linearly with deposit return spreads and so the bankers can increase their balance sheet
at lower cost. With regard to the ability to absorb risk, fund liabilities (pensions) fall in value dur-
ing recessions, while banks liabilities (deposits) value remain unaffected. As a result, funds have
a natural hedge against business cycle risk and help to “insure” the banking sector by buying their
long-term bonds.

A final implication of the household portfolio frictions is that general equilibrium investment
and output growth are connected to inequality. If the economy dis-intermediates and the house-
holds start to hold more capital directly, then capital prices and investment fall leading to lower
growth because households face higher costs of holding capital and have a higher risk aversion.
The effect is less pronounced if the household distribution is more unequal because then more

wealth is held by the households who are least constrained.



We close our paper by using our calibrated model to revisit proposed changes to macropru-
dential regulations: (i) tightening bank leverage requirements to capture suggestions that current
restrictions remain too lax (e.g. Admati and Hellwig (2013)) and (ii) imposing bank-style leverage
restrictions on funds to respond to observations that the pension-insurance sector has taken on addi-
tional risk under Basel III (e.g. Koijen and Yogo (2022), Begenau, Liang and Siriwardane (2024)).
Restricting the banking sector leads to lower volatility but also decreases equality and growth.
By contrast, restricting the fund sector leads to lower volatility and higher growth but also much
higher inequality. In both case, the restrictions end up increasing the Sharpe ratio. The difference
between the two counterfactual experiments appears because the bankers and fund managers have
different ability to expand their balance sheets and share risk. When the fund sector is restricted,
the bankers expands their capital holdings and household capital market participation stays similar.
This means that investment and growth remain high while inequality increases because households
stay out of the capital market (i.e. the intensive margin affect dominates). By contrast, when the
banking sector is restricted, the fund managers are less able to expand and so households end
up holding more capital. This leads to a decrease in investment and growth. Inequality also in-
creases, although not by as much as when funds are restricted because the extensive margin effect
is stronger and more households enter the capital market. This suggests a trilemma style policy
tradeoff that macroprudential regulation cannot simultaneously decrease volatility, increase growth
and decrease inequality.

From a technical point of view, our model is unsolvable using traditional techniques and so we
develop a new deep learning approach for characterizing solutions to this and other heterogeneous-
agent macro-finance models. Mathematically, general equilibrium for our economy can be charac-
terized by three blocks: (1) a collection of high dimensional partial differential equations (PDEs)
capturing agent optimization, (2) a law of motion for the distribution of wealth shares and other
aggregate state variables, and (3) a set of conditions that ensure the price processes are consistent
with market clearing. The technical challenge is that, unlike for existing macro-finance models,
we need a solution approach that can handle complexity in all three blocks. We do this by drawing
upon and expanding recent advances in the continuous time deep learning macroeconomics litera-
ture (e.g. Duarte, Duarte and Silva (2024); Gopalakrishna (2021); Fernandez-Villaverde, Hurtado
and Nuno (2023); Gu, Lauriere, Merkel and Payne (2024)). This involves using neural networks
to approximate derivatives of value functions, the price volatility of long-term assets, portfolio
choices, and other equilibrium equilibrium objects. We then train the neural network to minimize

the error in the “master” equations that characterize the equilibrium blocks. The novel challenge is



that the combination of complicated portfolio choice and a non-degenerate household distribution
leads to an endogenously stochastic Kolmogorov Forward Equation (KFE), sharp curvature in the
policy functions, and market clearing conditions that are complicated to impose. To the best of our
knowledge, this is the first paper to solve a model involving a stochastic KFE with endogenous

volatility.

Literature Review: We contribute to several areas of research. The first is the macro-finance liter-
ature studying how financial institutions generate endogenous risk in dynamic general equilibrium
models. Many of these papers focus on contracting frictions and incomplete risk sharing between
an aggregate household sector and a representative financial intermediary (e.g. Gertler and Kiy-
otaki (2010); Brunnermeier and Sannikov (2016); He and Krishnamurthy (2013)). More recent
work introduces heterogeneity across intermediary sector. For example, Coimbra and Rey (2024)
and Corbae and D’Erasmo (2014) introduce heterogeneous banks, Gertler, Kiyotaki and Prestipino
(2016) and (Kargar, 2021) introduce wholesale banking and/or broker-dealers, and Koijen and
Yogo (2023a,b) and Coimbra, Gomes, Michaelides and Shen (2023) introduce a pension/insurance
sector. Our analysis of financial sector regulation connects to the part of the literature on the
general equilibrium impact of macro-prudential regulation (e.g. Van den Heuvel (2008), Bege-
nau (2016), Begenau and Landvoigt (2017), Elenev, Landvoigt and Nieuwerburgh (2021), Gale
and Yorulmazer (2020)). Our contribution relative to these literatures is to combine intermediary
heterogeneity with a non-degenerate household wealth distribution, thereby producing rich cross-
sectional outcomes for households and sector-level outcomes between the intermediaries. This
allows us to study the impact of macro-prudential policy on inequality and social mobility.

Secondly, we are part of the literature studying how asset pricing can impact the household
wealth distribution (e.g. Gomez (2017), Cioffi (2021), Basak and Chabakauri (2024), Cioffi, Nufio
and Hurtado (2023)). Many of these papers focus on uninsurable idiosyncratic income and return
risk. We complement this work by studying heterogeneity across overlapping generations (similar
to Garleanu and Panageas (2023)) in a general equilibrium model with aggregate risk, endogenous
volatility, and a frictional financial sector. This allows us to match empirical evidence documenting
the heterogeneity in household portfolio choices (e.g. Bach, Calvet and Sodini (2020)) in a general
equilibrium model with endogenous asset returns.

Thirdly, we connect to the research on limited financial market participation. A long litera-
ture has studied frictions on household and investor asset portfolio choice (e.g. Merton (1987),
Gomes and Michaelides (2007), Guvenen (2009), Favilukis (2013), Khorrami (2021)). Of particu-



lar relevance is the recent institutional asset pricing literature studying how regulatory constraints,
inelastic demand, and financial market segmentation impact asset prices (e.g. Chien, Cole and
Lustig (2012), Greenwood and Vissing-Jorgensen (2018), Koijen and Yogo (2019), Vayanos and
Vila (2021)). Our contribution to this literature is to connect the household portfolio restrictions to
the institutional financial sector portfolio choices.

Finally, we are part of the computational economics literature employing deep learning and
other new tools to solve complex heterogeneous-agent models that challenge traditional solution
techniques (e.g. Azinovic, Gaegauf and Scheidegger (2022); Han, Yang and E (2021); Maliar,
Maliar and Winant (2021); Kahou, Fernandez-Villaverde, Perla and Sood (2021); Duarte et al.
(2024); Gopalakrishna (2021); Gu et al. (2024); Kogan and Mitra (2025)). While several papers
apply deep learning to heterogeneous-agent models with portfolio choice between short-term risky
assets (e.g. Fernandez-Villaverde et al. (2023); Huang (2023)), very few tackle long-term asset
pricing in general equilibrium because this has proven to be a difficult challenge for the deep
learning techniques. One contemporaneous attempt to resolve the challenge is Azinovic and Zem-
licka (2026), which solves a discrete-time model with long-lived assets using an iterative homotopy
procedure. Our contribution is to provide a general, stable technique for solving continuous macro-
finance models with heterogeneous intermediaries, multiple long-lived assets, and rich wealth dis-
tributions without resorting to restrictive distribution and portfolio choice approximations. We do
this by exploiting the continuous time formulation of the problem to construct a loss function that
helps the neural network avoid the difficulties with general equilibrium portfolio choice problems.

The rest of this paper is structured as follows. Section 2 outlines our economic model. Section
3 introduces our numerical algorithm. Section 4 describes the calibration of the baseline model.
Second 5 discusses the key mechanisms. Section 6 presents counterfactual regulatory experiments

before concluding.

2 Economic Model

In this section, we outline our economic model. We study a stochastic production economy with
heterogeneous households who face retirement shocks and asset market participation constraints.
The households are serviced by two types of financiers: bankers who issue deposits and fund

managers who issue pensions to provide consumption at retirement.



2.1 Environment

Setting: The model is in continuous time with an infinite horizon. There is a perishable consump-
tion good and a durable capital stock. The economy is populated by unit continua of price-taking
households (h), bankers (b), and fund managers (f), the later of which that we interpret as the
combining pension and insurance services. The banking and fund sectors will each aggregate to
pseudo representative agents but the household sector will not. The economy has the following

assets: short-term deposits, pension contracts, capital stock, and long-term bonds.

Production: All agents have access to a production technology that creates consumption goods
according to the linear production function y; = e*k; where k; and z; are capital deployed and
aggregate productivity at time ¢ respectively. We impose that z; evolves according to a mean
reverting process dz; = (,(Z — z,)dt + o.dW; where W, denotes the aggregate Brownian mo-
tion shock process for the economy. All agents can create capital stock using an investment
technology that converts ¢,k; goods into ¢(i;)k; capital, where ¢, is referred to as the investment

rate. Capital depreciates at rate 0 > 0. So, an agent’s physical capital stock evolve according to
dkt = (QS(Lt)kft — 5kt)dt

Households: Households are born as “young” agents and then transition to “retired” agents at rate
Ar. While young, each household has discount rate p and gets flow utility u(cy ;) = ﬁci? /(1—7)
from flow consumption ¢, ;. When a household retires, they disengage from the productive sector
and consume using their accumulated wealth. We follow the macro-finance literature and model
retirement by imposing that households receive a lump sum of utility /(Cy ;) = (1—03)C }L;F (1-T)
from consuming a lump sum of consumption Cj, ; at retirement. Here the parameter 1 — 3 captures
the relative weight that households place of retirement consumption. In Appendix B we micro-
found this expression as the present discounted value of consumption during retirement and show
that 1 — 5 = 1/(p+\g) where 1/, is the average retirement duration. After one household retires,
it is immediately replaced by a new young household who receives initial wealth from a density
¢n(a) with mean éhAm, where A;,, is the total wealth in the household sector. Transfers to new
households are financed through a proportional wealth tax on existing households.

Households face two financial frictions. First, they face a “participation restriction” that hold-



ing capital stock k; incurs the flow penalty:

k k n k 2
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where ¢, > 0 and a > 0 are parameters representing the severity of the constraint, qFky is the mar-
ket value of the household’s capital, aj ;/A; is the household’s share of wealth in the economy, A;
is the aggregate wealth, and =, ; is a normalization factor to convert the penalty to marginal utility
units. The function ¢y, (+) is increasing in the fraction of wealth in capital ¢k, /ay, ; and decreasing
in agent wealth a;, ;. So, the constraint imposes that wealthier agents face a lower penalty when
directly holding capital, which we interpret as capturing the costs, education differences, and/or
behavioral constraints associated with direct capital market participation. Second, households

cannot write contracts with each other to insure against retirement shocks.

Financial intermediaries: There are two types of financiers servicing households: bankers (b) and
fund managers (f). Each type of financier j € {b, f} has discount rate p and gets flow utility
uj(ci) = ;;W /(1 — ~;) from consuming c;; flow goods. The financiers differ in what type of
liabilities they issue. Bankers issue risk-free short-term deposits that pay an instantaneous rate 7.
Fund managers sell contracts to households that pay one good to the holder when they retire and
exit. For convenience, we refer to these contracts as pensions although conceptually they combine
both retirement provision and life-insurance. In addition, both bankers and fund managers can
issue long-term bonds that mature at rate A\, and pay 1 unit of the consumption good at maturity.
On the asset side of the balance sheet, both banks and fund managers can purchase long-term
bonds and capital subject to government regulatory frictions described below. Financiers of type
J € (b, f) exitatrate \; and are replaced by new financiers with initial wealth drawn from a density
¢¢(a) with mean b +A;. Any remaining wealth from exiting financiers left over after recapitalizing
new financiers is rebated to households proportional to their wealth. This means that financier exit
can be interpreted as dividend payout and recapitalization in the manner of Gertler and Kiyotaki
(2010) or as financial taxation scheme.

Markets: Each period, there are competitive markets for goods and assets. We use goods as the
numeraire. Let r¢ denote the interest rate on deposits and let q; := (qF, ¢, ¢) denote a vector
with the price of capital, pensions, and bonds respectively. We guess and verify that each long-term

asset | € {k,n,m} has a price process dq, = ¢, (p1z:dt + o, ,dW;) where p,, and o, are the



geometric drift and volatility. We express the corresponding return processes by:

AR} = rydt + o, dW,, rF = gy + O() — 8+ (e — 1) /qf,
dRy, , = rp dt + ogn 1 dW; + (1/q}")dNp 4, Thi i= Hqni
dR}, =1}, dt + ogn [ dW, Ty = e + (1/q} — 1)\

dR]" = r"dt 4+ ogm (dW, ryt = pgmy + (/g — 1) Ay,

where d N}, denotes a Poisson process that is 1 when the household retires and R}, and R, are

the return on pensions to household and fund manager respectively.!

Government: The government also issues zero coupon bonds that mature at rate \,,, and pay 1 unit
of the consumption good at maturity. We impose that the government follows a fiscal rule that
scales bond supply with aggregate capital stock, K3, so M; = M K. The government raises flow
wealth taxes at rate 7 on all agents to finance the issuance of debt subject to the budget constraint
TA + ¢ peng, My = N\ My where juy, is the growth rate of government debt.

In addition to its fiscal policy, the government also imposes regulatory constraints on the finan-

cial sector. Financiers of type j € {b, f} face the flow portfolio penalty:

2
- (r Gl
;e (ke My, aje) = Z V)=, where ¥, = 2] max 4 0, <2 — 9; , (2.1

1e{k,m} Qjt

for holding assets {k;;, m;:} where éé- is the regulatory portfolio share limit for agent j in asset
l, wé is the tightness or weight of the regulatory requirement for asset j, a;, is the wealth the
financier, and Z;; is again a normalization factor to convert the penalty to marginal utility units.
We will internally calibrate {03 }iegv,f1 i k,m} to match equilibrium portfolios and asset prices so
we interpret the parameters as the implicit portfolio restrictions (or “asset market segmentation’)
resulting from the combined current macro-prudential regulations rather than a direct mapping to

one particular item of regulation.

Connection to the existing models: This environment has been constructed to nest the following

collection of models and economic forces commonly studied in the macro-finance literature:

I'The fund manager earns a different return to a household because the fund managers diversifies across a continuum
of households.
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(i) Preferred habitat and perpetual youth models: If we set 5 = 0 so the households only care
about consumption at retirement and set /() to be either the Type I or Type II agents from the
Appendix in Vayanos and Vila (2021), then our households become analogous to the “pre-
ferred habitat agents” in Vayanos and Vila (2021) who only demand maturities with average
maturity 1/)\,.2 At the other extreme, if we set 3 = 1 so the households only care about
consumption while young, then we recover the “perpetual youth” model from Blanchard
(1985). In this case, households demand annuities that pay until they die, which, in princi-
ple, they could recreate synthetically by shorting the pensions and purchasing bonds.? In this
sense, the two extreme parameterizations, 5 € {0, 1}, nest two of the most commonly used
models of demand for pension/insurance products or long-term bonds. Our environment can
be viewed as an intermediate model that nests these two forces. In particular, for the gen-
eral setup with § € (0, 1), our model has an important extension compared to the preferred
habitat literature: we integrate the preferred habitat demand into a standard portfolio choice
problem so that overall household demand is a combination of the “preferred-habitat” com-
ponent and a standard portfolio choice problem that balances risk and return. This allows us

to understand how risk and inelastic demand interact in a general equilibrium model.

(ii) Segmented market models: If we take the limit as 1)), goes to infinity and the financial regula-
tory constraints are relaxed, then we get complete capital market segmentation: households
have no access to the capital market while the financiers have full access. This is similar to
Basak and Cuoco (1998), Chien et al. (2012), Gertler and Kiyotaki (2015), and other models
with market segmentation that amplifies asset price volatility. Alternatively, if we take the
limit as v, goes to zero, then the households become unconstrained to participate in capital
markets, like in Brunnermeier and Sannikov (2014). At either extreme, household portfolio
choices become homogeneous and the household sector aggregates. By introducing het-
erogeneous household portfolio choice, we allow our model to intermediate between these

extremes. However, it also what leads to many of the technical difficulties.

(ii1)) Heterogeneous type models: There is a collection of models in which households have dif-

ferent fixed ex-ante types (e.g. different risk aversion) but all agents within a particular type

%In order to generate the full yield curve model in Vayanos and Vila (2021), we would also need to introduce
variation in \p, across households and bonds with different average maturities.

3Throughout the paper we focus on parametrizations where the households take long positions in the fund contracts
and do not directly participate in the bond market. However, the model could just as easily be solved for the case where
some households end up shorting the pension products.
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make the same portfolio decisions (e.g. Chan and Kogan (2002), Gomez (2017)). These
models can generate heterogeneous portfolio choices across the different types in the popu-
lation and so can generate the aggregate asset portfolio for the household sector. Our model
enriches these environments to allow household portfolio decisions to depend on wealth,
which allows us to endogenize the transitions between types and match the micro level data

on household portfolio choice.

2.2 Equilibrium

To set up equilibrium, we use the following notation. We let a;, denote the wealth of a generic
individual agent in sector j € {h,b, f}, where the indices h, b, and f refer to the household,
banking and fund sectors respectively. We let Qg-’t = q!l;+/a;; denote the share of wealth that an
agent of type j with wealth a;, has in asset [ and let 6;, denote the vector of wealth shares chosen
by an agent of type j with wealth a;, at time . We let A, denote the total wealth in sector j and
A; denote the total wealth in economy. We let w;; := a;; /A; denote the wealth share of a generic
individual agent in sector j and €, := A, /A, denote the share of total wealth in sector j. More
generally, we use lower case letters to denote variables for an individual agent and upper case
letters to denote sector or economy aggregates. We also use the notation x = (x4);>0 to denote
the stochastic process for variable x;. Finally, we let F; denote the filtration generated by {W;}:>¢

and use E,[-| := E[-|F;] to denote the expectation conditional on F;.

Household problem: The wealth of a household at time ¢ is aj,; = qfk;h,t + q'np + dp e, Where
Ent, mp e, and dp, ; denote the household’s capital, pension, and deposit holdings. While they are

young, ap, + evolves by:

dCLh,t

= 0 AR} (1ny) + O ARy, 4 (1= 6, — 6 ridt — cpy/andt — 7,dt
(ht (2.2)

= ,ua,“tdt + O—a;“tth

where (cp ¢, On 1, Ln,¢) are the household’s consumption, portfolio shares, and investment rate at time
t and 75, 1s the net tax or transfer (per unit of wealth) incorporating government taxes, transfers,

and any dividends from the financial sector. By expanding the returns we get:

d 1ol d !
Hap,t = Ty + Z eh,t(rt —7¢) = Cht/Ane — Th, Oapt = Z eh,tgql,t
le{n,k} le{n,k}
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At retirement, households consume their remaining wealth and exit. So, taking the price process
and their initial wealth ay, ;, as given, a household born at ¢, chooses processes (cp, 05, tp,) to solve
Problem (2.3) below:

max [,
chsOnstn

T
/t e~ Pr(t—to) (u(ch,t) — ¢h,k(027t7 wh,t)Eh,tGh,t> dt + e " U(Chrr) (2.3)
. .

st. 22)and Cur < (1- 0, + 0 ,/}) an.

Financier problems: The wealth of a financier in sector j € {b, f} is given by ay; = ¢Fky, +
g my,; + dy, for bankers and ay; := q7kyy + ¢"mys + gf'nys, for funds, where k; ¢, m;,, d;, and

n; . are holdings of capital, bonds, deposits, and pensions respectively. It evolves by:

dag,

= 0%, dR} (1j4) + O dR" + (1 — 0%, — 07)dR] — c;/aj,dt — Tdt
Ajit 2.4)

=: [Laj7tdt + Uaj,tth

where (c;+,0;4, ;) are the financier’s consumption, portfolio shares, and investment rate at time
t and dR] is the return on the liabilities issued only by a financier of type j (i.e. the return on
deposits 7{dt for bankers j = b and the return on pensions dR%, = r},dt + ogn dW, for fund

managers j = f). Once again expanding terms we get:

faje =11+ > Oh,(rh—1]) — cnpfans — T4
le{m,k}

. qm k m k )
Oajt = eh,tgqm,t + eh,tqu’,t +(1 - ht — eh,t)aqﬂ,t

where 7 and 04+ are the expected return and volatility of return process for the liabilities only
issued by financiers of type j. So, taking as given the price processes and their initial wealth, a;, a

financier born at ¢, in sector j € {b, f} chooses processes (c;, ;, ¢;) to solve Problem (2.5) below:
max {Eto / erilt=to) (u(cj,t) -y qu,l(e;t)zj,taj,t) dt} s.t. (2.4). (2.5)
Cj:b5-ti to le{k,m} 7

Distributions: Throughout this paper, we work with the distribution of wealth shares, rather than
wealth levels. We will show in Corollary 1 that bank and fund sectors aggregate because they

face constraints that are independent of wealth and so it is sufficient to keep track of the aggregate
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wealth share in the financial sectors, {€2;;};cq, 7}, rather than the distribution of wealth in each

sector. We denote the evolution of €2, by:
deﬂg = [LQJ'QJ'JCZt + UQJQ]"tth

where the geometric drift and volatility, (pq ;, €2, ;), are equilibrium objects. The household sector
will not aggregate because household portfolio constraints are wealth dependent and the incom-
pletely insurable idiosyncratic retirement shocks generates a non-degenerate cross-section distribu-
tion of household wealth across the economy. We let gy, ; denote the measure function of household

wealth shares across the economy at time ¢ for a filtration ;. We denote the evolution of g ; by:
dgni(w) = pgi(w)wdt + o4 (W)wdW,

where the geometric drift and volatility, (14, 0,), are equilibrium objects. With some abuse of

notation, we let Gy = (24, 54, gn+) denote the collection of “distribution” states in the economy.

Definition 1 (Equilibrium). For a given set of government taxation policies, an equilibrium is a
collection of F;-adapted processes (K, r, q, G) and agent decision processes (c; ;, ¢; ;, 0; ;) fori € I
and j € {h,b, f} such that:

1. Given price processes, households solve (2.3) and financial intermediaries solve (2.5),

2. The price processes (r,q) clear each market at each ¢:* (a) Goods market: > je{hb.f} Cjt +
MChy = e K, — 1 I, where A\,Cy,, is the aggregate household consumption upon retire-
ment, (b) Capital market: 2 je{hb.f} K;; = K, (c) Pension market: > je{hf} N;y =0, (d)
Deposit market: >, 0 Dj = 0, and (e) Bond market: >_;c i, 5y M = M.

2.3 Recursive Characterization of Equilibrium

We characterize the equilibrium recursively. We denote the finite dimensional components of the
aggregate state vector by s := (z, K, (%, (1) and the full aggregate state vector incorporating the
household wealth share distribution by S := (s, g;).> Individual agents also have their wealth a

as an idiosyncratic state. For convenience, we define the state spaces for an individual agent by

“Here we continue with the notation that the capital letter Y; ; refers to the aggregate quantity of variable y in sector
j € {h,b, f} and Y} refers to the aggregate quantity of variable y across the economy.

Technically, including all of €2, Q, and g, in the state space is redundant because they sum to 1 but we write it
this way to clarify what the full distribution looks like.
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x = (a,z,K,, Q) and X := (x,g5). We let us,0s, 1z, 0o denote the geometric drift and
volatility of s and « respectively. We let V;(a, S) and ¢;(a, S) := 0,V;(a, S) denote the value
function and the derivative of the value function (which we refer to as the Stochastic Discount
Factor (SDF)) for an agent of type j € {h,b, f} with individual state a. We let p, (a, S) and
¢, (a, S) denote the geometric drift and volatility of &;.

Theorems 1, 2, and 3 in the following subsections summarize the recursive characterization of
equilibrium while the detailed steps are derived in Appendix A. We group the characterization into
three blocks: (i) the optimization problems of the agents, (ii) the evolution of the distribution, and

(ii1) market clearing.

2.3.1 Block 1: Agent Optimization

We solve the agent optimization problems by setting up Hamilton-Jacobi-Bellman (HJB) equations
for the households and financiers. The equations are involved so we put the details in Appendices

A.1 and A.2. Here, we collect the main results.

Theorem 1 (Agent Optimization). Given the price functions (r¢, (¢',r!, O )iefkn,m}), the agent
choices at state S satisfy the following first-order-conditions (FOCs):

(i) The (c;, ;) choices satisfy u'(c;) = &j(a, S) and ®'(1;) = (¢*(S)) ™" forall j € {h,b, [},

(ii) The household portfolio choice, 0, = (0F,00), satisfies:

B): ) —1U8) = o (0,8)o(S) — yunslth ) 26

0] S) -~ (S) = o (e Son(8) M (i 1) . @)
(iii) The portfolio choice for financiers in sector j, 0; = (6%, 6™), satisfies the FOC:

)2 rS) () = — 0 (8:0)(00(S) — o)) — dyuialdh) @9

07 8) () = — 0 (8:0,)(0n(S) — 00 () — Dptn0), @)

where (17, 0,) is the return and volatility for the liability issued by sector j financiers®. The SDFs

%As before, for j = b we have r/ = r¢ and 04 = 0 while for j = f we have ri = ryand o4 = ogn.
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& for j € {h,b, f} satisfy the continuous time Euler equations:

pn+ An = pig, (@, S) +1%(S) — 7 — Y (O, wn) — Oy ton 1 (05, wi)wn, + 0@§wh,k(éi,wh)6;’i,
pj + >‘j = :ufj(a7 S) + T’j(s) —Tj + O’g].(S)O’w(S) - Z (wj,l - 89;%,1(9;)) ’ ] € {baf}

le{km}
where the drift and volatility of £; are characterized by It6’s lemma:
e, (. S)€;(a, 8) = (Dut(a. 8)) pa(a. S) + 0.5t {7 (a, §) D2 (a,

J
+ <UG(S; ej)aaaagfj (av S)()> &g('a S)) + gggj(%
O¢; (a7 S)§j<a’7 S) = (O'x((l, S) © w)TDfrfj(a? S) + <ag£j(a7 S)()? Ug('v S)>7

S)
S)

and X*(a, S) := (o.(a, S) © x)"(o.(a, S) © x), 0,&; is the Frechet derivative of &, w.rt. g, and
Gién(a, S) is a collection of Frechet derivative terms given by equation (A.1) in Appendix A.1.

Proof. See Appendix A 4. 0

The FOCs for ¢;, and ¢;, are standard in the continuous time macro-finance literature. The
former equates the household’s marginal utility of consumption to their marginal value of wealth
(i.e. their stochastic discount factor). The later equates the marginal marginal cost of producing
capital to the marginal benefit of selling capital.

The FOC:s for portfolio choice (2.6)-(2.9) are less standard and so are central to understanding
the economics in our model. The portfolio FOCs are partially characterized by the standard trade-
off between earning an expected excess return (the LHS of each equation) and facing risk from the
co-movement between the agent’s stochastic discount factor and the asset prices (the first term on
the RHS of each equation). However, in addition, they are also characterized by distortions from
the household financial frictions and government financial regulation (the final term on the RHS of
each equation). The equilibrium dynamics will ultimately be governed by the interaction between
these distortions that restrict portfolio adjustment and endogenous price volatility.

We can use the portfolio FOCs to study how each constraint influences asset demand. To
understand the impact of household retirement consumption, we can rearrange the FOC for pension

contracts, equation (2.7), in the form of Vayanos and Vila (2021) to get the following expression
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for pension demand:

1 u(C)
A —1 = — (r(8) = 1{(8)) = 0¢,(a, S)og (S) (2.10)
n h,t t ) A .
¢'(S) ") &(a,S) R
Excess return “risk adjustment”
“Preferred habitat”
component “Demand shifter”

which can be interpreted as a generalization of the preferred habitat demand function from Vayanos
and Vila (2021). Like Vayanos and Vila (2021), we have the “inelastic” preferred habitat term
coming from the need for assets with duration )\, (the LHS in equation (2.10)). However, instead
of exogenous demand shifters, we instead have that the household’s risk-return tradeoff (the RHS
in equation (2.10)) shifts household demand. We expand on this comparison both theoretically and
quantitatively in our counterfactual experiments in Subsection 6.4.

To understand the role of the household capital market participation constraint, observe from
the FOC for 0%, equation (2.7), that the term —aegiﬂm(@;li, wy,) decreases household demand for
capital by penalizing capital holding. The penalty is less pronounced as the household gets wealth-
ier (wy, increases) so, all else equal, wealthier households hold more capital. This increasing rela-
tionship between household wealth and capital holdings is what ultimately allows us to match the
empirical data showing that poorer households predominately hold deposits while wealthier house-
holds predominately hold capital. It is also what breaks aggregation across the household sector
and so necessitates keeping track of the household wealth distribution. By contrast, the portfolio
choice problems for the financial intermediaries, equations (2.8) and (2.9), do not depend upon
financial intermediary wealth and so the banking and fund management sectors can be aggregated.

We formalize this in Proposition 1 below.

Proposition 1. The firm and banking sectors aggregate but the household sector does not.

Proof. See Appendix A.2. 0

2.3.2 Block 2: Distribution Evolution

Given the individual optimal decisions, we proceed to study how the distributions evolve. From
Proposition 1, we only need to keep track of the aggregate wealth share dynamics for the financial
sectors because we can aggregate within each of those sectors. However, the household sector
does not aggregate and so we need to keep track of the full distribution of household wealth. We

summarize the equilibrium laws of motion for the different distributions in Theorem 2 below.
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Theorem 2 (Distribution evolution). Given price functions (1%, (¢, 1", 0,0 )iek,nm}) and agent op-

timization functions (§;,¢j, ;) jenp.f}r L
(i) At the sector level, the wealth share for financial sector j € {b, f} follows:

ds;,

o= (14,80 + X (63/Q = 1) = pa(S) + (9a(S:) = 04, (81)oa(Sy) )

(2.11)

j?t

+ (O'Aj (St) — O'A(St>>th

where (L4, 04) are the geometric drift and volatility of aggregate wealth:

1a(8e) = 0(Se) (pgr (Sp) + B(1) — 0) + (1 = D(Sy))pgm (St)
0a(81) = V(Sy)oge(S1) + (1 = J(S)i)ogm (S1)

where aggregate wealth is given by A; = qF K + ¢ M,, and the aggregate wealth share in
capital is V(S;) = ¢"(S;) K,/ (¢"(Sy) K; + q™(Sy) My).

(ii) Within the household sector, the density of household wealth shares follows:

Agna) = ( Mn() = Do () = ol S1)evg ()

Entry Retirement Drift
+ 0.50, [Ui(w, St)w2gh,t(w)} )dt — Oplow(w, St)wgnt(w)] dWy, S'(t2.12)
Ave. Dispersion from TFP Shocks TFP Shock Exposure
peo (W, St) = pa(WA(S), St) = pa(Se) + (04(St) — 0a(WA(SL), St))oa(Sy),
0u(w, St) = 0o (WA(S}), Si) — aa(Sy).
Proof. See Appendix A.3. [

Theorem 2 shows the forces that spread out and condense the wealth distribution. At the sector
level, the dynamics are described by equation (2.11). A positive drift spread 14, — j14 > 0 implies
that the sector gains wealth share because it accumulates wealth more quickly than the overall
economy while Q;, > ¢, implies that the financial sector loses wealth share through financier
exit, dividend payment, and recapitalization because the sector currently has more wealth share
than new financiers. Within the household sector, the dynamics are described by the stochastic
Kolmogorov Forward Equation (KFE) (2.12). The first two terms are the rate of household entry

and the rate of exit at position w in the density. The third term captures the impact of the drift of
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w on the evolution of the density. The final two terms capture the impact of aggregate TFP shocks
on the distribution. Because households have different portfolios with different risk exposure,
TFP shocks potentially spread out the distribution. From all these terms, we can see that, within
the household sector, differences in j, across households potentially spread out households while
retirement and entry terms stabilize the distribution.

2.3.3 Block 3: Market Clearing and Ito Consistency

Finally, we impose equilibrium by ensuring markets clear. The following theorem restates the

equilibrium conditions using our recursive formulation.

Theorem 3 (Market clearing and consistency). At each S, the goods market clearing is:

/Ol(ch(wA,St)—l—)\hCh(wA,St))ght( Jdw+ S Cy(S) = (e — )

je{b,n}

and the equilibrium price functions (r,q", ¢, q™) satisfy asset market clearing conditions:

/ed (WA(S), 8)gn(w)dw + 02(S)
07 (S)0 + / O (A(S), S)gi(w)dew
[ 0u(A(S). S)gn(w)dew +0;(S)2 +0,(S) = V()
07(S)2 + 07 (S) Qs = 1 — 9(S)

and the long term assets prices must satisfy consistency with It6’s Lemma for | € {k,n,m}:

1 2
Ha (S)4'(S) = (D2 (8))" (s © 8) + S1r r{ZDid ()} + Gy (S) (2.13)
)

7,(S)d'(8) = (0.(S) © 8)"(Dsd'(8)) + (944" (. S)(-), 04 (-, 5))

where once again 3°(S) := (04(S) ®© S) ' (05(S) ® s), G, is the collection of Frechet derivatives
defined by equation (A.1) in the Appendix, and 0,q' is the Frechet derivative.

Proof. See Appendix A 4. [

Theorem 3 illustrates one of the main difficulties for macro-finance. The asset market clearing

conditions only implicitly pin down the pricing functions for the long-term assets (¢*, ¢", ¢™).
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Consequently, we also need to impose additional cross equation restrictions to ensure that long-

term asset price processes are consistent with equilibrium through 1t6’s Lemma.

24

Technical Comparison to Other Models

Our equilibrium characterization is difficult to solve because, unlike in most other models, all three

blocks are non-trivial. To understand why this is the case, it is instructive to compare our model to

other macro-finance models, as summarized in Table 1 and discussed below:

(1.

(ii).

(iii).

For a representative agent model, block 2 is not applicable because there is no distribution
and block 3 is less complicated because the goods market condition simply becomes ¢+ (v —
¢(t)) K = y, which can be substituted into equations in block 1. So, the set of equations can

be simplified to a differential equation for g. We use this as a test case in Appendix G.

For the continuous time version of Krusell and Smith (1998) discussed in Gu et al. (2024),
there is a distribution of agents so block 2 is non-trivial. However, this model has no long-
term assets and so we can derive closed form expressions for all prices in terms of the distri-
bution. This implies that block 3 can be trivially satisfied and we can combine all equilibrium
conditions into one “master” partial differential equation. Other models with multiple short
term assets, like Krusell and Smith (1997), have similarly trivial market clearing conditions
because they do not have long-term asset prices that necessitate Itd consistency conditions

of the form of equation (2.13).

For models such as Basak and Cuoco (1998) and Brunnermeier and Sannikov (2014) dis-
cussed in Gopalakrishna (2021), there are long-term assets and so we need the non-trivial
Itd consistency conditions of the form (2.13). However, in these models the HIBE can be
solved in closed form so that we can get an analytical expression for the dependence of the
value function on idiosyncratic wealth. This means that block 1 can be reduced to a scaled
PDE and substituted into the block 3.

3 Computational Methodology and Algorithm

In this section, we outline our algorithm for characterizing solutions to our model. Conceptually,

our approach can viewed as a type of “projection” onto a neural network (building on Duarte et al.
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Models Non-Trivial Blocks Method

1 (Opt.) 2 (Dist.) 3 (Assetq)

Representative Agent (RA)

(3 1a Lucas (1978)) simple NA simple Finite difference
a la Lucas

Heterogeneous Agents (HA)

} v v simple Gu et al. (2024)
(21 la Krusell and Smith (1998))

Long-lived assets closed-form  low-dim % Duarte et al. (2024)
(é la Brunnermeier and Sannikov (2014)) Gopalakrishna (2021 )

HA + Long-lived assets v v v This paper

Table 1: Key models and solution methods. A tick indicates that the block is non-trivial.

(2024), Gopalakrishna (2021), Gu et al. (2024), and other papers that adapt the Neural Galerkin

literature for using deep learning to solve differential equations). At a high level, this involves:
(a) Replacing the agent continuum by a finite dimensional distribution approximation,

(b) Representing the equilibrium functions by neural networks with the states as inputs and

constructing a loss function that captures the equilibrium conditions, and

(c) Finding the neural network parameters that minimize the loss function on randomly sampled

points from the state space (often referred to as “training” the neural network).

Once we have trained neural network approximations to the equilibrium functions, we use these
neural networks to simulate the equilibrium evolution of the state space and compute ergodic out-
comes, impulse response functions, and other analyses.

Although this approach may appear straightforward to describe, implementing it successfully
for macro-finance models has proven difficult and involves many non-trivial decisions. In par-
ticular, we need to decide which distribution approximation is most effective, how to set up the
loss function, and how to customize the algorithm. The main reason these become important deci-
sions is because the combination of multiple long-term assets, aggregate risk, and a non-degenerate
wealth distribution make the equilibrium conditions difficult to impose. In this section we describe

the features of our algorithm and discuss the tradeoffs associated with different approaches.
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3.1 Part (a): Finite Dimensional Distribution Approximation

A fundamental challenge for heterogeneous agent macro-finance models is that the state space
contains a density, g, which is an infinite-dimensional object. To make computational progress,
we must adopt a finite dimensional approximation to the density. In this paper, we use a hybrid
approach. When training the neural network to approximate the equilibrium functions, we ap-
proximate the distribution by a finite collection of / < oo price taking agents so the approximate
aggregate state space becomes S = (z, K ,wi,...,wr, %, Q) € S where w; is the wealth share
of agent 7, (£, () are again the wealth shares of the financial sectors, and S = R x R* x [0, 1]/*2
is space of possible aggregate states.” We rewrite the equilibrium conditions formally on the finite
state space in Appendix C.2.

When simulating the economy we use our neural network approximations to the equilibrium
functions to construct a finite difference approximation to the equilibrium KFE (2.12). We do this

by extending the approach developed in Gu et al. (2024) and summarized in Appendix C.5.

Discussion: Previous work has studied the benefits and costs associated with different distribution

approximations (e.g. see Gu et al. (2024)). We highlight key points here:

(i) A frequently raised concern with the finite-agent approach is that simulations of a finite
agent economy contain idiosyncratic noise that could make the training unstable and lead
to an equilibrium that is inconsistent with the original model. However, we mitigate these

concerns in a number of ways:

(a) We solve for an equilibrium in which agents behave as price takers and forecast prices
under the assumption that the idiosyncratic exit shocks have averaged out. This means
that the perceived state space evolution does not contain idiosyncratic risk and so our

equilibrium differential equations contain no idiosyncratic noise.

(b) We do not simulate the model to draw training points and so concerns about simulation

accuracy are unrelated to neural network approximation accuracy.

(c) When we do need to simulate the solved model to generate time paths or impulse
responses, we use our finite-agent neural network solution to approximate a finite dif-

ference approximation to the KFE and so are able to simulate the limiting economy

"Once again, there is redundancy because the shares wi, ... ,wr, 2, Qf but we write it this way for clarity and
consistency.
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with a continuum of agents rather than the finite agent economy. Figure 8 in the Ap-
pendix shows a histogram of the difference in the impulse responses computed using
the finite difference approximation to the KFE and the N-agent simulation to illustrate

the importance of working with the KFE for simulations.

(i) Another concern that is sometimes raised about finite dimensional distributional approxi-
mations is that they lead to master equations with high dimensional 1t6 terms that are im-
practicable to solve. Our hybrid approach of training on a finite agent economy and then
reconstructing the KFE does not require such a large population to make the Itd terms in-
tractable, even when calculating the Itd terms naively. Moreover, Duarte et al. (2024) shows
that the It6 term in high-dimensional differential equations can be computed very efficiently
by calculating second order directional derivatives. For all these reasons, we find that dimen-
sionality is not what makes the problem most challenging. Instead, it is the high curvature
and sensitivity of the market clearing conditions that make the problem challenging. In the

next section, we discuss how we construct the loss function to overcome these issues.

3.2 Part (b): Neural Network Representation and Loss Function

We need to construct a loss function for the deep learning algorithm to minimize. One approach
would be to represent all variables by neural networks on the approximate state space S and then
sum every condition in Theorems 1, 2, and 3 into one large loss function. Although this approach
might be feasible in principle, it has proven difficult to implement in practice for macro-finance
models (e.g. see discussion in Azinovic and Zemlicka (2026)). We overcome these problems by
reorganizing the equilibrium equations to construct a loss function that is “easier” for the deep
learning algorithm to train in terms of stability and convergence time. We summarize our ap-
proach here, provide a more detailed description in Appendix C, and illustrate how alternative loss
functions create difficulties in Appendix E.

First, we express the equilibrium objects as functions of the aggregate states without any ex-
plicit dependence on idiosyncratic states. To understand what this means, consider the household
stochastic discount factor function ;. This was defined in the household problem in Section 2.3 as
a function of individual household wealth and the aggregate state space &, (a;, s ). However, once
general equilibrium is imposed it also has an equilibrium representation that is only a function of
the aggregate states =,(S) := &, (wiA (S’) ,5’) where A(S) = ¢*(8)K +¢"(8)M is equilibrium

aggregate wealth. Likewise, we can write all agent value and policy functions directly in terms of
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the aggregate state S. Conceptually, this is analogous to imposing equilibrium using the “little-k
and big-K” approach described in Chapter 7 of Sargent and Ljungqvist (2000). We solve directly
for the equilibrium functions (i.e. =) rather than for the partial equilibrium functions (i.e. &,). We
discuss this further in Appendix C.3.

Second, we parametrize the functions by Neural Nets:

0 S =R, (8,0,,)— 0;(8:0,,), Vje{h fb}
0,:8 =R, (8,04,)  0,(S;04), Vie{kn},
o .S — R, (%’,@9].) — Aj(:; O ), a1
¢:S—R, (8,0,)—d(S;0,), VIe{nm}
A0S =R, (8,0, 4) = figr (50, 4),
Gg:S =R, (8,0,4)6,4(80,4), VIe{knm}

where 7; := ¢/a denotes the flow consumption-to-wealth ratio for an agent of type j € {h, f,b},
O, denotes the parameters for the Neural Net approximation of variable v, and we use © to refer
the collection of neural network parameters across all approximations. In Appendix C.4 we show
that, given the neural network approximation functions for (7);)je(n.r.53» (0})icthn} 07 (@) nm:
and (ﬂql, 6qz)l€{k7n7m}, at each state S we can solve for the other equilibrium objects explicitly
using linear algebra.

Finally, we construct the loss function for the deep learning algorithm to minimize. In doing so,
we impose market clearing explicitly rather rather than including the market clearing conditions
as part of the loss function. In particular, we compute the bank portfolio choices (6, 67, 6%) as
residuals to impose market clearing in the capital, bond, and deposit markets, 6% as a residual to
impose clearing in the pension market, and ¢* as a residual to impose clearing in the goods market.®
This implies that the neural network approximations need to satisfy the following equations for all
jedb, f},le{k,m} andi € {k,m,n}:

L3,(8) = 1U(8) = pn = A = T + 112, (S) = Un(S) = 0o Yni (S)n(S) + Tt (S)O4(S),

8We enforce the household and fund manager budget constraints explicitly. The banker’s budget constraint is
enforced by Walras’s law. The choice of which 6’s to treat as residuals and approximate with neural networks is not
unique. It is equally efficient to treat the fund portfolio choice as the residual to clear the capital and bond markets.
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(S)) +39m@/1bm(9b (9)).
) — 0.5t {25(S) D% (S)}

where Z;(8) = u/(7;(S)w;¢*(8)K) and £5(8) := (04(S) ® §)T(c¢(8) ® §). The first two
equations are Euler equations, the next four equations are agent first order conditions, and the final
two equations are the Itd consistency conditions for the price functions. The mapping between the
losses and the neural network approximation is mostly explicit in the naming. The exceptions are

Eal; (S) and Lom (S) which correspond to loss functions for (¢")ie{n,m}- The total loss function is:

LS:©)=| > L+ X Lo+ > Lo+Lo+Ly, + > L;,[(50)32)
je{hb,f} le{k,n} le{k,m} le{k,n,m}

Discussion Our loss function attempts to balance a collection of difficulties that the macro-finance
deep learning literature has faced. We describe the key ideas here and provide computational

illustrations of these points in Online Appendix E.

(i) We solve directly for the equilibrium functions (e.g. =Z;(.S)) rather than for the partial equi-
librium functions (e.g. &,(a, S)) because it is a more stable and computationally efficient
way of imposing general equilibrium. When we solve for the partial equilibrium represen-
tation &, (a, S) we end up wasting effort training on off-equilibrium states and then need to
impose additional loss functions to impose general equilibrium. By contrast, solving for the
general equilibrium representation = (S) imposes market clearing directly and only trains
on the equilibrium states. We illustrate the difference in Appendix E.1 by comparing training

on the different representations.

(i1) We attempt to approximate variables that are easier for the deep learning algorithm to train,
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which typically means approximating variables that are smooth, bounded functions of the
aggregate states. To understand this, observe that it is easier for the Neural network to
approximate &, = 0,V}, than V}, because it is easier to impose concavity on the derivative
than the function. It is even easier to approximate the consumption-to-wealth ratio 7, (w;)
and then reconstruct &, (w;) = (n,(w;)w;A)~7 because 7y, (w;) is typically bounded and so
the explosive curvature in the SDF is encoded analytically. We illustrate this in Appendix

E.3 by comparing training for different functional forms.

(iii)) We impose the market clearing conditions explicitly whenever possible because we find that
allowing the deep learning algorithm to violate market clearing during the training process
leads to instability. We illustrate this in Appendix E.4 by comparing training with and with-

out asset market clearing explicitly imposed.

3.3 Part (c¢) Training Algorithm

We outline the key steps for training the neural networks in Algorithm 1 below and provide ad-
ditional details in Algorithm 3 in the Appendix. Given the current guesses of the neural network
equilibrium function approximations, we sample states, calculate the equilibrium at those states,

compute the loss at those states with (3.2), and then update the parameters to decrease the loss.

Algorithm 1: Neural Network Training with Validation and Adaptive Learning
1: Initialize neural network objects for the functions in (3.1) with parameters ©

2: Set patience counter p < 0 and validation loss £ +— oo
3: for Nepoch < Nmax—epoch do
Sample N new training points: (8™ = (2", K", (w;)ix, Q. Q}))5.
Use current NN approximations to calculate equilibrium at each S™ with Appendix C.4

Update parameters using ADAM optimizer to minimize loss.
if £ mod 50 = 0 then

4
5

6:  Construct the loss as £(S"™) using equation (3.2).

7

8

9 Evaluate validation loss L., on test dataset; scheduler step with L,

10: if L. < £°" then save checkpoint; L5 < L3 p < Oelse p < p+ 1
11: if p > P,..x then break {early stopping}

12:  end if

13: end for

Each neural network is a fully-connected feed-forward type and has 2 hidden layers, with
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256 neurons in each layer. We train using an ADAM optimizer with a learning rate scheduler
(ReduceLROnPlateau) for a maximum of 200k iterations. Every 50 epochs, the algorithm evaluates
the validation loss on a test dataset. If the validation loss improves, it saves a checkpoint and resets
the patience counter. Otherwise, it increments the counter. Training terminates either when the
patience counter exceeds 15,000 validation checks without improvement (early stopping) or when
the variance of validation loss is lower than a threshold. We use Latin hypercube sampling and
make sure that each agent’s wealth share sample ranges from 0.0 to 0.5.

Figure 9 in the Appendix presents the L-2 loss from the quantitative model over iterations. The
loss decreases over time, although not monotonically, due to the stochastic nature of the learning
process. After 60,000 iterations, the average Euler equation training loss and validation loss (MSE)
are 8.5 x 107 and 1.2 x 10~*, respectively, in marginal utility units.” The right panel figure reveals
that different components in the loss function converge at different speeds. The algorithm focuses

on the HJB equation first, followed by the consistency and portfolio choice conditions.

Discussion: The algorithm includes a few key features:

(1) We evaluate the progress of the algorithm on an “out-of-sample” validation dataset and save
models that reduce loss on the validation set. We do this to try and limit the possibility of

overfitting. This echoes standard practice for machine learning.

(i1) To test the efficacy of our numerical algorithm in a controlled environment, in the Online
Appendix G we use our algorithm to solve three simpler canonical models from the macro-
finance literature that can also be solved with traditional methods: a multi-agent Lucas asset
pricing model, Basak and Cuoco (1998), and Brunnermeier and Sannikov (2014). In each
case, our L2 out-of-sample validation errors are in the order of 10~ and our L2 difference
to traditional finite difference techniques are in the order of 10~7. This is a similar accuracy
to what Azinovic et al. (2022) and Duarte et al. (2024) achieve when they illustrate their
techniques on commonly used models from the macroeconomics and finance literatures. We

summarize our results in Table 2.

For demonstration, Figure 9 displays losses until 200k epochs. The early stopping criterion gets triggered after
60k epochs since there is little improvement in the validation loss when trained longer.
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Method Training Error ~ Validation Error  Difference

20-Agent Complete markets 1.8 x107° 2.6 x 1079 8.0 x 1079
Basak and Cuoco (1998) 3.0 x 107? 3.2x 107 1.6 x 1077
Brunnermeier and Sannikov (2014) 4.6 x 1078 7.0x 1078 8.8 x 1077

Table 2: Summary of the algorithm performance and computational speed. Error calculates the difference
between solution by neural network and finite difference. All errors are in L-2.

4 Calibration

For standard macro-finance parameters, we externally calibrate using accepted values in the lit-
erature. For the preference and regulatory parameters governing the household and financial
intermediary portfolio problems, we internally calibrate using simulated method of moments to
match target moments. Our data sample spans 2010Q1-2025Q2. Table 3 reports the complete
set of parameters and the set of targeted moments. We classify the calibration targets into three
groups: (i) macroeconomic, (ii) asset pricing, and (iii) cross-sectional moments. For each group,
we discuss how successfully we fit the targeted moments and how robust our calibration is to

matching “out-of-sample” untargeted moments.

Macroeconomic parameters: The mean-reversion of TFP (f3,) is set to 0.3, following Gertler,
Kiyotaki and Prestipino (2019), and the volatility of TFP (o,) is set to target a 3.5% output growth
volatility. The depreciation rate () is chosen to match an annualized output growth rate of 2.6%,
which is consistent with the real long-run output growth rate used in the literature. The investment
friction parameter (x) is calibrated to match the volatility of the private investment-to-capital ratio.
The model also successfully generates an investment-to-capital ratio of 12.8%, close to the data,

even though this is untargeted in the calibration.

Asset pricing parameters: The risk aversion parameters are internally calibrated to match spreads.
We set household risk aversion to target an average equity risk premium (r* — ¢ in the model)
equal to the sample average 6.0%. We set banker risk aversion to target an average capital Sharpe
ratio ((r® — rd)/ og4x in the model) equal to the sample value of 0.40, where we compute the same
value by estimating the risk premium using a factor model.!” Finally, we set fund risk aversion to

target an average pension return to the fund (r” — r¢ in the model) equal to the literature value of

10Specifically, we regress equity market returns on dividend yield and estimate the Sharpe ratio from the fitted
values.
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Targeted moments Parameter  Value Data Target Model

TFP mean reversion B, 0.30 Literature -
TFP volatility o 0.03 Output growth vol = 0.034 0.032
Depreciation 0 0.01 Output growth =0.025 0.021
Investment friction K 80 Investment vol =0.076 0.086
Discount rate (hh, fund, bank) p 0.05 Literature -
Household risk aversion v, T 0.3 Risk premium = 0.060 0.057
Bank risk aversion Vb 0.10 Capital Sharpe Ratio = 0.40 0.40
Fund risk aversion Vf 0.05 Pension return = 0.035 0.033
Capital constraint U 1.5e-4 50th pctl. capital share =0.39 0.37
Death shock intensity (hh.) An 0.10  Wtd. avg. time to retirement =10 10
Death shock intensity (fund) Af 0.20 Equity recapitalization Syrs
Death shock intensity (bank) Ab 0.20 Equity recapitalization Syrs
Transfer weight (hh.) o 0.03 10th pctl. capital share = 0.02 0.00
Transfer weight (fund and bank) gg F= ng 0.10 Fin. wealth/Total wealth = 0.39 0.37
Bond maturity Am 0.10 Avg. Maturity of LT bonds 10 yrs
Bank capital ceiling oF 0.9 Bank K/E=1.61 1.73
Bank capital tightening _{f 0.1 Implied regulatory cost =0.040  0.032
Fund capital ceiling 9:’}? 1.0 Fund K/E=1.70 1.81
Bank capital tightening w’j 0.1 Implied regulatory cost = 0.040  0.054
Untargeted moments Data Model
Investment/capital rate (%) 14.0 12.8
Capital price volatility (%) 18.0 16.1
Gini coefficient (income) 0.40 0.47

Table 3: List of model parameters and calibration targets. All values are annualized. The time period is
from 2010 Q1 to 2025Q2. The final column gives our model value for the data target.

3.5%.!! For all agents, our internally calibrated risk aversion parameters are less than one, which is
closer to risk neutrality than is used in the frictionless consumption based asset pricing literature.
This reflects that the participation and regulatory constraints generate significant curvature in the
agent value function and so we do not need high risk aversion to match spreads. For all agents, the
discount rate is set at 0.05, consistent with the literature (e.g., Gertler et al. (2019)).

The transfer weights and exit rates of the funds and banks (qgj, Aj)jefv,r) target the equity share
of financial institutions (mapped to (6} + 6%)A/K in the model). We calculate the financial sector

equity share as the fraction of U.S. corporate assets held by pension funds, insurance companies,

Pension returns are difficult to compute and there is no clear literature consensus. We target a conservative
estimate of 3.5% net of fees, which comes from (Mitchell, Poterba, Warshawsky and Brown, 1999).
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and US-chartered banks using the Federal Reserve’s Z.1. Table L.223. Over 2010-2024, this target
share averages 39% of total market value. We target the equity share of the total financial sector
rather because it is unclear how to allocate equity holdings between pension funds, insurance
companies, and banks.

We internally calibrate the regulatory parameters to target market outcomes rather than attempt-
ing to take them directly from the relevant regulations (e.g. Basel III, Insurance Capital Standard
(ICS), and The Dodd-Frank Act). This is because our model effectively has a combined bank-
firm sector and a combined pension-insurance sector so there is no literal mapping between our
regulatory parameters and the regulations. First, the intermediary portfolio regulatory limits and
recapitalization rates (éf, qgj) je{b,f} are set to target risky asset to equity ratios in the bank and pen-
sion/insurance fund sectors (mapped to 6 and #} in our model)."* The risky-asset to equity ratio
of bank holding companies, broker dealers, and non-financial institutions in the data are 3.77, 5.2,
and 1.12, respectively.'® Since the “banking” sector in our model combines both financial and non-
financial institutions that hold risky capital, we target the asset weighted average ratio of 1.61. For
the pension fund sector, the empirical leverage ratio is 1.7.'* The resulting values of (é}“) je{b,fy are
shown in Table 3 in the baseline model column and will be varied in counterfactual experiments.
Second, the soft penalty parameters (@/3]) je{v,fy capture the cost of violating risk-based capital re-
quirements. They are chosen to target empirical implied regulatory costs. The model implied cost
of regulation is given by the penalty functions U, \IJ’} in equation (2.1). They are chosen to target
4% as Koijen and Yogo (2015) reports that insurers are willing to give up $0.96 of value to obtain
$1 more in statutory capital.

The household participation constraint, transfers, and regulatory parameters are set to target
the portfolio holdings. The household transfer weight is calibrated to match the risky asset share
of the bottom 10th percentile household in the SCF. When working with the SCF, our empirical
counterpart to our ‘capital stock’ is the aggregate of directly held mutual funds, publicly traded
equity, bonds, and weighted owner-occupied housing. Because housing is only partially exposed to
aggregate market risk, converting housing wealth into ‘risky capital’ requires an assumption on the
housing market beta 57 . Empirical estimates of 37 vary significantly and lie in the range [0.1, 0.9]
in the post-2010 sample period (Piazzesi (2025)). We therefore set 5 = 0.5 as a benchmark

2We set 77/;,’3” = JJ}” = 0 and calibrate the capital penalty parameters. The model includes penalty on all assets for
generality.

13Source: Federal Flow of Funds.

14Source: FRED database. We use ’BOGZIFL594090005Q° for total pension fund assets, and
"BOGZ1FL574190005Q’ for liabilities.
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midpoint for the calibration target. We set the household capital constraint parameter 1, to match
the risky asset holdings of the median household in the SCF data, and then evaluate how well the
model replicates moments across the distribution.

The exit rates are externally calibrated. The household retirement intensity ), reflects the
wealth-weighted average time to retirement in the population and is set to 0.1. We choose this
so we can match the fraction of aggregate wealth in pensions. We set 5 = 0.5 so that flow and
terminal utility carry the same weight.

As an out-of-sample test, we study the risk exposure of the financial sector. The model direc-
tionally matches the exposure of fund’s net worth to capital returns, even though this is not directly
targeted. Formally, in Table 4 we report factor coefficients from Koijen and Yogo (2022), who
regress publicly traded annuity insurer equity returns against aggregate stock market and 10-year
Treasury bond returns, and our model counterpart which regresses the fund wealth share against
capital market and bond returns. Our model coefficients are broadly consistent with Koijen and
Yogo (2022) estimate, which show that insurers’ stock returns have a positive beta with respect to
stock and a negative beta with respect to bond returns. While the interest rate is endogenous in
our model, the quantitative exercise indicates that an unexpected increase in the rate does decrease
the fund’s wealth, in line with Koijen and Yogo (2022). The period where the long term bond
return coefficient does not align is the peak of the Quantitative Easing (QE) during 2010-17, which
suggests QE brought some additional forces not currently in our model.

Data Data
Factor (1999-2017) (2010-2017) Model
Stock market return 1.36 1.11 0.82
(0.19) (0.08) (0.00)
Long term bond return -0.01 -1.28 -0.03
(0.32) (0.43) (0.66)
Observations 228 96 299

Table 4: Risk exposure of fund sector. The table reports betas from a factor regression of fund equity returns
on stock returns and long-term bond returns. Data values are taken from Koijen and Yogo (2022), and
corresponds to the period 2010-2017. Heteroskedasticity adjusted standard errors are given in parenthesis.

Cross-sectional moments: Our model generates rich cross-sectional moments that are broadly con-
sistent with the data, even though we only explicitly targeted the portfolio shares of the bottom
10th percentile and the median household . Figure 1 shows households’ risky capital, annuity, and

risk-free asset shares as a fraction of total wealth in both the data and the model. Under our cal-
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Figure 1: The top panel figures present the portfolio holdings of households across 10 percentile buckets
from the SCF data and model, respectively. The bottom left figure plots the impulse response of wealth
distribution to risk premium (/3, ;) obtained from the regression log (W}, s1n/Wp.t) = apn+Bp.n fi +e€pt+ho
where p denotes top 10 percent. The data for wealth percentiles come from Saez and Zucman (2016), and
risk premium is estimated using a factor model. The bottom right figure plots the model counterpart.

ibration, wealthy households choose relatively more capital, poorer households choose relatively
more deposits, and all households allocate a similar fraction of their wealth to pensions. Given the
difficulty of finding a single point estimate for the risky portfolio share, we assess the fit across the
distribution by comparing to an empirically plausible interval computed under two extreme spec-
ifications: 37 = 0 (housing as a safe-asset), and 3% = 1 (housing as a risky asset). Our model
implied risky capital share broadly lies inside this interval. In particular, our model says the bottom
decile holds almost no wealth in risky assets, which exactly fits the data, and the top decile holds
approximately half their wealth in risky assets, which is close to the upper bound with 5% = 1.
We also assess the model’s performance in matching the exposure of household wealth to the
financial sector. Empirically, we measure changes in the wealth distribution following shocks to
the net worth of U.S. insurance funds. Shocks are estimated as innovations in the autoregression
a; = Bo+F1a,—1+uy, normalized by lagged equity value f := 7. We then apply local projections

in the spirit of Jorda (2005), regressing shocks to fund net worth on the wealth share of households

. . . . W, »
at different percentiles. Specifically, we run the regression log (ﬁ) = app+ Bpnfi+€piqn for
horizons i = 1 to 25 quarters where w, ), denotes household wealth at percentile p at horizon h,
where p denotes the top 10 percent wealth. The household wealth distribution is taken from Saez

and Zucman (2016), and the fund wealth share series is constructed from the Financial Accounts
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of the United States (FRB) following Koijen and Yogo (2021). Figure 1 compares the empirical
Bp., With the model-implied ones. We can see that our model produces a similar hump shaped

response of household wealth to the shocks, even though it is untargeted.

5 Household Participation, Asset Prices, & Inequality

A key feature of our model is that households face frictions that restrict portfolio adjustment: a
penalty on capital market participation and an inability to directly provide pensions to each other.
Section 2 showed that these frictions appear as distortions in the household portfolio choice FOCs
(equations (2.6) and (2.7)) that disrupt the standard risk-return tradeoff. Our calibration in Section
4 showed that these portfolio choice distortions lead to wealthy households choosing relatively
more capital, poorer households choosing relatively more deposits, and all households allocating
a similar fraction of their wealth to pensions (Figure 1). In this section, we study the impact of
these household portfolio choice frictions on the broader economy. We start by exploring how the
cross sectional variation in household capital market participation impacts inequality and social
mobility. We then study how the relative elasticity of household demand for bank deposits and
fund pensions impacts financial intermediary borrowing costs and risk sharing. Finally, we study

how aggregate portfolio allocations impact investment and output.

5.1 Inequality

In this subsection, we study how the household frictions influence the equilibrium household
wealth distribution. To understand this, we start by considering how asset returns influence rel-
ative agent wealth shares. Let the share of household wealth owned by household 7 be denoted
by wint = ai¢/Ant = wii/Qp,. From Theorem 2, the difference between the geometric wealth

share growth of any two young households j and : can be decomposed using equation (5.1) below:

d(Wj,h,t — Wint) = {(Qﬁt - Hf’t)(rf - Tf - UAh,tUZ;,t) + (Q;L,t - ‘QZt)(T:L - Tf - UAh,tUg,t)
(5.1)
— (nje — Ui,t)} dt + {(eﬁt - sz,t)o-tl;,t + (‘9?,15 - QZt)UZ,t dW,

where we have used time subscripts rather than explicit dependence on the states and o4, ; is the

. K N,
risk exposure of aggregate household wealth 04, + = ﬁafjt + A:’: Oyt

The first terms in the drift and volatility in equation (5.1) capture how capital market participa-
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tion constraints and risk aversion impact the total return that different agents can earn. If agent j
is richer, a;; > a;;, then under our calibration they hold more wealth in capital, Qﬁt > Qﬁt, and so
have more exposure to the risk adjusted premium in the economy, ¥ —ré —o 4 ot Uf;t, and to the risk
in the economy, afit. This means that, on average, richer households gain wealth share compared
to the poorer agents who are unwilling to pay the cost to participate in the capital market. The lit-
erature has sometimes referred to this as a “scaling” effect: wealthier agents have access to better
investment opportunities and so gain wealth more quickly. Our model endogenizes the strength of
scaling effect by determining the spread rF — r¢ in general equilibrium. The second terms in the
drift and volatility of equation (5.1) capture how pension costs impact inequality. In our model,
agents pay an insurance fee to the pension system since 7%, — rd < 0 so households with relatively
more pension exposure end up losing wealth. The third and final term in the drift of (5.1) capture
how differences in marginal propensity to consume out of wealth impact wealth accumulation.
The left subplot in Figure 2 shows the equilibrium decomposition of the drift in equation (5.1)
between agents at the 25th and 75th percentiles at the ergodic distribution for our baseline economy
(the black bars) and for an economy with higher participation costs (the dotted bars). Evidently, the
first term dominates the decomposition because pension holdings are relatively similar across the
wealth distribution. This suggests that in equilibrium the scaling effect is both strong and largely
driven by the capital market. We can also see that an increase in participation costs amplifies these
effects because it makes poorer household even less able to participate in capital markets. The net
change in the left plot is positive, which indicates that, on average, asset returns lead to rich and
poor agents drifting apart. Ultimately, around the ergodic mean density this scaling effect is offset
by the redistribution from the exit and entry process.!?
To understand the different mechanisms behind the decomposition (5.1), we study the house-

hold’s capital choice in their optimization problem. Rearranging the capital choice FOC gives:

k d /)
L R | S
- h,t 1+a h,t
Tqf “ht Oqf

for a household with wealth share wy, ; where again we have dropped the explicit dependence on
the states. As the term &kﬁﬁ’t / (w;’;taqf) becomes insignificant relative to the other terms, this port-
folio choice becomes the standard trade-off between risk and return. So, as we saw in Figure 1, for

wealthy agents with high wy,; this is the standard Merton portfolio choice FOC while for poorer

1fOn average, redistribution from the exit and entry process adjusts the wealth share gap w; — w; at rate
An QShwh(w;tl —w; tl) so the more w; > w; +, the more aggressively the death and rebirth brings agents back together.
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Figure 2: The left panel presents the inequality decomposition between the 75th and 25th percentile house-
hold. Here Acapital = (Hﬁt — HEt)(rf . aAh’toJ;’t) and Apension = (07, — 07,)(r}’ — rd — O A, tTg 1)
The center and right panel plots present capital portfolio choice difference between 75th and 25th percentile
household for varying sharpe ratios. We set 1o, = 0.15 and ¢, = 0.05 in the high cost and low cost
economies, respectively.

agents with low wy,; this is a distorted FOC in which the participation constraint dominates and
households choose low #%. This means that a decrease in the participation cost, | 1), closes the
difference in household portfolios and so, holding all else equal, reduces the first term in (5.1). It
also means that an increase in the Sharpe ratio (r* — ) /o, has a heterogeneous impact on port-
folio choice across the wealth distribution. For richer households who are already unconstrained,
the risk-return tradeoff becomes more attractive and so they allocate more wealth to capital. For
poorer households, there is an additional effect because an increase in the Sharpe ratio offsets the
participation cost and so increases participation in the capital market. That is, there is an “extensive
margin” effect where high Sharpe ratios encourage more households to overcome the participation
barriers and enter the capital market. In this sense, across the wealth distribution, the portfolio
responsiveness to spread changes is governed by the participation constraint.

The second two plots in Figure 2 illustrate how these forces in the capital market impact in-
equality in partial equilibrium for different spreads. The middle subplot shows the difference
between household capital choices, 0;“7,5 — Gﬁt, for increasing values of the Sharpe ratio and right
subplot shows the first term in the drift in equation (5.1), Ay = (0%, —607,)(rf —r{ —oa,0},), for
increasing risk premia, where j and 7 refer to the 25% and 75% percentiles of household wealth
distribution. The solid line on each plot depicts an economy with low participation costs while the
dashed line depicts an economy with high participation costs. Evidently, when the Sharpe ratio is

low, the richer households hold relatively more capital. For small increases in the Sharpe ratio, this
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leads to a large increase in inequality because it is the richer households who benefit the most from
higher capital profitability. However, if the Sharpe ratio becomes sufficiently high, then low wealth
households enter the capital market and the difference in portfolio choices erodes. Ultimately, this
means that that inequality stops increasing. The size of the Sharpe ratio increase that is required
in order to close the portfolio choice gap depends on the tightness of the household participation
constraint. For the solid line depicting the economy with low participation constraints, Auﬁ starts
decreasing around a risk premium of 5% and Sharpe ratio of 0.45 while, for the dashed line de-
picting the economy with a higher participation constraint, A,u’; is still increasing at an 8% risk

premium and Sharpe ratio of 0.65. We summarize our observations in the following takeaway.

Takeaway 1: Shocks or parameter changes that lead to higher Sharpe ratios both allow richer
households to earn higher risk adjusted returns and also encourage poorer households to enter the

market. The impact on inequality is ambiguous.

5.2 Social Mobility

So far, we have analyzed how participation costs and household portfolio choices impact the differ-
ence in household wealth shares at different quantiles. Now, we focus on how different households
within a quantile move around the distribution, which we refer to as “social mobility”. Formally,
we let s4(q,q’) denote the transition probability that a household in quartile ¢ moves to quartile
¢ over a time horizon t years. Households move up the wealth distribution on average as they
live longer because they accumulate wealth while the richer households gradually exit. The rate at
which they do this depends upon their access to the capital market and the risk premium.

Figure 3 shows the average equilibrium social mobility that emerges in our calibrated model.
The first two panels shows s5(q, ¢") and s90(q, ¢') between the four wealth quartiles, bottom 25%,
25-50%, 50-75%, and above 75%, while the second two panels show the change in s5(q, ¢’) and
s20(q, ¢') when the participation cost is increased. Evidently, a household’s position in the wealth
distribution is persistent with the probability of households staying in the wealth bucket they start
from ranging from 0.57 to 0.88. In particular, the transition probability is highest for the top wealth
bucket, followed by the bottom wealth bucket. High persistence for the bottom wealth households
is due to the capital participation cost that becomes binding, preventing them from growing their
wealth by earning risk premium relative to the other groups. While middle income households
(i.e., 25-50% and 50-75%) have less persistence, the probability of moving to the upper wealth

quartile is lower than that of moving to the lower wealth quartile, indicating that middle wealth
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households have a higher chance of drifting downward in the wealth distribution. This is broadly
consistent with the data even though we don’t explicitly target any mobility moments in our cali-
bration.!® We can also see that persistence is higher for all wealth groups in the high participation
cost economy compared to the baseline economy, particularly for the middle two wealth buckets
(i.e., 25-50% and 50-75%). This leads to the takeaway:

Takeaway 2: Higher participation costs reduce social mobility.
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Figure 3: The first two panels present the transition probabilities representing the social mobility across
four wealth share household quartiles after ¢ = 5 years and ¢ = 20 years from the stochastic steady state.
The right two panels present the difference in transition probabilities between the baseline (¢, = 1.50e %)
and high-cost economies (zﬁk = 1.55e~%).

5.3 Financier Liability Costs

In this subsection, we explore how the household frictions impact financier liability issuance costs.
Absent regulation, the difference between the bankers and fund managers is that they have differ-
ent liability structures that provide different services to the households: bankers issue short-term
deposits while fund managers issue tradable long-term pensions. A stylized version of their bal-
ance sheets is shown in Table 5 (for the banker) and Table 6 (for the fund manager). Here, we
depict bonds on the asset side of the balance sheet but, in principle, both banks and funds can take
a positive or a negative position in the bond market.

There are two key differences between the deposits issued by the bankers and the pensions
issued by the fund managers: (i) household deposit demand is more sensitive to return changes
than pension demand and (ii) pensions provide a natural hedge against business cycle risk. To
understand the first difference, the left subplots of Figure 4 shows household deposit and pension

16Table 15 in the Internet Appendix H provides the comparison between the model and data moments.
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Assets Liabilities Assets Liabilities

Capital  ¢Fky, Deposits  —dp; Capital  ¢Fky, Pensions —q'ns,
Bonds  ¢"my, Equity —Qp Bonds  ¢"my, Equity —Qyy
Table 5: Banker Balance Sheet Table 6: Fund Manager Balance Sheet

demand for different spreads. We can see that the mean household’s choice of 6 is approximately
linear in the spread 7% — 7* so the banker can expand its liabilities at linear cost. By contrast, the
mean household’s choice of #}; becomes unresponsive to the spread 7% — " as the spread becomes
large and so it become very costly for the fund manager to expand its liabilities. That is, pension
demand hits a “satiation point” and becomes relatively unresponsive to return and risk, similar to
the preferred habitat demand.

To understand the second difference, consider the risk exposure of banker and fund manager
liabilities. Bankers owe short-term deposits so the market value of their liabilities is unaffected by
productivity decreases: they have to repay the full amount next period regardless of the state of
the economy. By contrast, fund managers owe long-term tradable pensions that decrease in price
during recessions (as do the prices of all long-term assets because goods are scarce and the marginal
value of consumption is high) so the market value of their liabilities decreases in recessions. This
means that, all else equal, funds gain wealth relative to banks during recessions. We can also see
the different financial intermediary risk exposure mathematically by examining the difference in

the evolution of fund and banking wealth share growth rates:

A=) = | 3 (0t =15 = oniloly — h)) — Ot = v = rai0h)

le{km}

— (npe — nb7t)}dt + Z {9;(me — O’Zt) — Héaéjt} dW,

le{k,m}

Here we can see that the fund manager’s risk exposure is > i m) Hg(afm — o) whereas the

l
q,t’

their asset risk exposure where as the bank’s liabilities do not.

bankers’ risk exposure is > ;¢ m} 6! ol ., which implies that the fund’s liabilities partially offset

For these reasons, the funds are potentially a natural “backstop” for the banking sector in an
economy so long as the households have little participation in the financial sector and banks and
funds are insuring each other. This is illustrated in the right panel of Figure 4, which depicts

banker and fund manager portfolio choices for different values of the household participation cost.
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In our baseline model, the fund manager takes a positive position in the bond market whereas the
banker takes a negative position. In other words, the fund managers lends to the bankers to help
the bankers offset their capital risk exposure. That is, they indirectly “insure” the banking sector
through the bond market.

Takeaway 3: Fund managers are less able to scale up their balance sheets but more able to bear

risk because pension demand is more stable.
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Figure 4: Sector level: The left panel presents the bank and fund capital holdings across the baseline and
high participation cost economy, respectively. The right panel presents the deposit-capital and annuity-
capital spread against household deposit and annuity holdings, respectively.

5.4 Aggregate Real Outcomes

We close this section by studying how the household and financier choices from the previous two
subsections translate to real investment. The real economy is connected to the capital price through
the investment equation ¢ = (®')~1(1/¢*(s)). The capital price is, in turn, pinned down through the
capital market clearing condition A ( J Ofw(w)gn(w)dw + 05 + Gfﬁb) = ¢*K, which illustrates
how shifts in average wealth shares and portfolio choices impact investment in the economy. If
wealth moves from agents with high 6% to agents with low 6%, then the price of capital has to fall
(or equivalently the return on capital has to rise) in order for the capital market to clear. This leads
to lower investment and growth.

A first implication is that reallocation of capital to the household sector decreases growth in

the economy because 6”} and 0 are greater than 6,(w) for households at all wealth share w. This
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is illustrated in Figure 5, which shows output growth, investment, and spreads as a function of
the total financial sector wealth share. Evidently, growth is higher when the financial sector holds
more capital directly.

A second implication is that inequality and investment are interconnected. Consider two
economies with the same overall wealth in the household sector €2, but with different dispersion
across the households. If wealth in the household sector is evenly dispersed, then average 6}, is
low and capital prices fall. By contrast, if the wealth in the household sector is very unevenly
distributed, then average 6}, is high and capital prices fall by less. In this sense, wealth equality
and high growth are inversely related, which plays key role in the regulatory counterfactual exper-
iments in the next section. We can see this in Figure 5 by comparing the solid line (for a more
equal economy) and the dashed line (for a less equal economy). Evidently, for the same overall

household wealth, the more unequal economy delivers higher investment and growth.

Takeaway 4: Output growth decreases when the household sector holds more capital directly. The

decrease is smaller when the household distribution is more unequal.
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Figure 5: The top panel presents the output growth rate and investment rate vs. intermediary wealth shares.
The bottom panel presents the pension premiums. In all plots, the solid (dashed) line corresponds to the
economy with equal (unequal) household wealth distribution. All households have the same wealth share in
the ‘equal’ case. Households have a dispersed wealth distribution in the ‘unequal’ case.
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6 Revisiting Risk Based Capital Requirements

In Section 4, we calibrated our baseline economy using data from 2010Q1-2024Q4 and interpreted
the estimated regulatory parameters as implicitly characterizing the restrictions financial interme-
diaries face under the current regulations (e.g. Basel III, Insurance Capital Standard (ICS), and The
Dodd-Frank Act). In this section, we study the macroeconomic impact of alternative regulatory pa-
rameters that place different restrictions on bank and fund capital holding. Previous macro-finance
work has focused on how bank capital requirements can lead to a high-level regulatory tradeoff
between aggregate growth and aggregate stability. Our model allows us to extend this analysis to
consider the heterogeneous impact of macro-prudential regulation across different financial inter-
mediaries and households. We show that policy makers now potentially face an additional tradeoff

with inequality.

6.1 Counterfactual Macroprudential Policies

Our baseline calibration finds that # is smaller than 5’;, which implies that current regulations
restrict bank participation in capital markets more than fund participation. This essentially means
that the current regulation allows funds to hold a greater share of high volatility assets than banks.
This is consistent with a common interpretation that bank regulation (e.g. Basel III) penalizes
banks holding volatile assets while non-bank regulation (e.g. the Insurance Capital Standard and
other regulations on the pension/insurance sector) penalize long-term insolvency risk rather than
exposure to short-term market volatility.

In this section we study the macroeconomic implications of changing the regulatory parameters
5’} and 0% In our first counterfactual experiment, we tighten the maximum costless capital exposure
on the banking sector by reducing the parameter 6 from 0.9 to 0.5 so the bank risky exposure goes
from 1.73 to 1.25. We refer to this as the “bank restricted economy” and interpret the decrease in
éf as reflecting a higher risk weight on volatile assets (i.e. a higher risk on non-government debt
assets). This policy experiment is a stylized representation of proposals from critics concerned
that banks are currently circumventing key areas of the Basel III regulation by holding too many
risky assets (e.g. Admati and Hellwig (2013), Acharya, Engle and Pierret (2014)) and is similar to
counterfactual policy experiments in the literature.

In our second counterfactual experiment, we tighten restrictions on the fund sector by decreas-
ing the parameter 5’} to the same level as in the banking sector. We refer to this as the “fund

restricted economy” and interpret the decrease in 97; as reversing the implicit regulatory advan-
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tage funds have when holding assets with price volatility. This reflects policy maker concerns
that bank risk taking has been tightly restricted since the Global Financial Crisis and so non-bank
financial intermediaries—including pension and insurance funds—have absorbed a larger share of

long-duration risk assets (as documented by Koijen and Yogo (2022), Begenau et al. (2024)).

6.2 Long Run Impact: A Growth-Stability-Inequality Tradeoff

We start by studying the long run impact of macro-prudential regulation. Table 7 reports the long-
run average outcomes under the different counterfactual policy regimes. The first group shows
two classic macro-finance summary statistics: the ergodic mean output growth rate in each regime
and the ergodic mean volatility of household wealth share. The second group shows a collection
of different measures of inequality. The third group shows ergodic mean equilibrium spreads and
prices. The final group shows ergodic mean sector wealth shares and portfolios.

To understand the table, we need to consider how the tighter portfolio restrictions impact the
macroeconomy. Decreasing 67 for financial intermediary j forces that intermediary to decrease
capital demand. In general equilibrium, in a frictionless economy, the other financial intermediary
sector and the households can respond by increasing demand for capital. However, in our environ-
ment the other agents face frictions that limit their capacity to offset the impact of the regulation.
The other intermediary sector is restricted by their own regulatory constraints and their cost of
issuing liabilities to expand their balance sheet. The households are restricted by their participa-
tion constraints. We make a collection of observations about how these forces play out in general
equilibrium for our counterfactual experiments.

Observation 1: Tighter banking sector restrictions lead to a decrease in banker and fund man-
ager capital holdings and an increase in household capital holdings. This leads to higher stability
but lower growth. By contrast, tighter fund sector restrictions lead to a decrease in fund manager
capital holdings and an increase in both banker and household capital holdings. This leads to
higher stability and higher growth. These asymmetries arises from the different liability structure
of the bankers and the fund managers discussed in Section 5.3. When the bankers are restricted
from holding capital, the fund managers are less willing and able to issue additional pensions and
purchase capital because household demand becomes inelastic to spreads and so it is costly for the
fund managers to expand when the banking sector contracts (see the second subplot in Figure 4).
Instead, it is households who primarily respond and increase their capital holdings. By contrast,
when the fund managers are restricted from holding capital, the bankers responds by increasing

capital holdings relative to the households. This is because household demand for deposits is rela-
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tively elastic and so the bank can expand at low cost (see the first subplot of Figure 4). In this case,
household participation in the capital market changes little.

In both counterfactual experiments, volatility decreases because the overall financial sector
decreases leverage, as has been documented in many macro-finance papers. The differential im-
pacts on investment and output growth come from the different portfolio responses. As we saw
in Section 5.4, when bankers are more restricted and households end up holding additional capi-
tal, then capital prices must fall to compensate households for entering the capital market and so
investment and output fall. By contrast, when fund managers are restricted, it is the bankers who
increase capital holdings, which drives up the price of capital leading to higher investment and
output growth.

Observation 2: Tighter financial sector restrictions lead to higher Sharpe ratios and poten-
tially higher inequality, especially among poorer agents. In both counterfactual experiments, the
tighter regulations ends up increasing the Sharpe ratio in the economy. We can understand this
mathematically through the portfolio FOCs (equations (2.6-2.9) in Theorem 1). Tightening a par-
ticular financial sector’s regulatory constraint increases the wedge in that intermediary’s FOC. In
addition, the wedges in the other FOC equations also end up binding more tightly if those agents
respond by increasing their capital holdings. The result is that spreads increase while volatility
decreases leading to a higher Sharpe ratio.

As discussed in Section 5.1, how this higher Sharpe ratio impacts inequality depend upon the
relative size of the intensive margin effect (i.e. how much higher the return is for households with
large capital holdings) and the extensive margin effect (i.e. to what extent households increase
capital holdings). How these effects play out across the household distribution are subtle and so
we provide a collection of different measures. We start in Table 7 by reporting the rate at which the
top 80-th percentile gain wealth share relative to the 50-th percentile before any taxes, transfers,
and deaths (equation (5.1) at the ergodic mean). We then report the analogous number for the 20th-
50th percentile gap. These differential wealth share growth rates reflect the “primary” increase in
inequality coming from the economics in the model. By this metric, we can see that inequality
increases more quickly in both the fund and bank restricted economies, with a larger increase in
the fund restricted economy.

To better understand this, Figure 6 plots the individual Sharpe ratios faced by agents across
the wealth distribution (the LHS subplot) and the difference between the change in wealth shares
for different percentiles relative to the median (the RHS subplot). By both metrics, we can see

that, even after risk adjustments, inequality increases more quickly among poorer households and
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less quickly among richer households (with the the wealth shares essentially not changing above
the median in the baseline economy). This is because for richer households, all agents become
unconstrained and so their portfolios converge. By contrast, poorer households are stuck out of the
capital market and earn lower returns. The basic intuition is that increased regulation make finan-
cial intermediation difficult, which opens up spreads. Richer households can better take advantage
of these spreads because they can better circumvent the regulations and invest directly into capital
markets to earn high returns. Poorer household loose out because it is too costly for them to invest
directly.

To illustrate how these forces play out dynamically, we also report the 80th-50th and 20th-50th
percentile changes in wealth shares along the transition paths, measured as the difference in wy, 10
years after the regulation change for cohorts that are alive at the time of the reform. By this metric,
we also see an increase in inequality under the bank and fund restricted economies.

Observation 3: No counterfactual experiments deliver higher output growth, less volatility,
and lower inequality. Bringing the observations together, our analysis show a complicated third
dimension to the standard macro-prudential trade-offs in the literature. The bank restricted econ-
omy delivers higher stability but lower growth and higher inequality. The fund restricted economy
delivers higher stability and higher growth but also the highest inequality, particularly at the bottom
end. This suggests that governments face a difficult trilemma style tradeoff between prioritizing

financial stability and reducing inequality.
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Figure 6: The left panel presents the sharpe ratio on household wealth share at different percentiles across
the three economies. The right panel presents the expected growth rate of household wealth share across the
three economies.
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Counterfactual: Counterfactual:
Baseline Bank-restricted Fund-restricted

Growth-Stability

Output Growth (%) 1.9332 1.7423 1.9801

Wealth share Risk (hh.) (%) 0.1924 0.1211 0.1546

Inequality

Wealth Share Growth(80th-50th pct) 0.0799 0.5901 0.4688

Wealth Share Growth(20th-50th pct) -0.2733 -0.9954 -1.0270
Transition Wealth Share Growth(80th-50th pct)  0.2108 0.2644 3.0820

Transition Wealth Share Growth(20th-50th pct) -0.2330 -0.2699 -2.5560
Prices

Sharpe Ratio (r* — Td)/(qu 0.3987 0.6042 0.5352

Govt. bond price g™ 0.4884 0.4440 0.4833

Pension price ¢" 0.8813 0.8287 0.8727

Sector level results

Fund K/E 1.8058 1.7721 1.4946

Bank K/E 1.7321 1.2521 1.7464
Household K/E (Ave) 0.3763 0.5240 0.4133

Household K/E (Top 1%) 0.5279 0.7445 0.5895

Wealth Share (hh.) 0.6442 0.6856 0.6287

Wealth Share (fund.) 0.1725 0.1585 0.1676

Wealth Share (bank.) 0.1833 0.1559 0.2037

Investment/Capital (%) 12.1610 11.1715 12.4147

Table 7: Equilibrium across different regulatory regimes. Wealth share risk (hh.) represents the average
wealth share volatility (o, .) across households. Fund K/E and Bank K/E represent the respective risky
capital to equity ratios. Wealth share risk denotes o, ., the loading on the TFP shock to the household
wealth-share.

6.3 Business Cycle Dynamics

The previous subsection largely studied long-run ergodic outcomes. We now examine how the
economy responds to recessions under different regulatory regimes. Figure 7 shows the impulse re-
sponse functions to flow consumption, retirement consumption, output growth, investment, wealth
shares, and asset prices to a deep recession under the different regulatory regimes. Evidently,
restricting the financial intermediaries leads to a less deep decrease in output during the reces-
sions. This reconciles with second line of Table 7, which shows that both regulated economies
have greater stability across the business cycle. We can also see that the recession mitigation is

most pronounced for the bank restricted economy because capital demand stays most stable and
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so capital prices fall the least. Finally, the impulse responses show that restricting the fund sector
leads to a greater decrease in flow consumption but a more muted initial decrease in retirement
consumption. This is because the risk premium increases more in the fund restricted economy,
households conduct more precautionary saving, and the cost of providing pension products does

not increase as much.
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Figure 7: The figure presents the impulse response of equilibrium quantities to a large negative TFP shock.
The first row presents the shocked path, flow, and terminal consumption. The second row presents the output
growth, investment rate, and capital price. The third row presents the wealth shares and capital return spread.

6.4 Policy Variant Preferred Habitat Demand

Following Vayanos and Vila (2021) (henceforth VV), many researchers have studied and estimated
environments with preferred habitat preferences. Our paper extends this tradition by integrating
preferred habitat preferences into a standard macroeconomic environment. We close this section

by making this precise. Specifically, we map our model into the VV environment and show that our
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FOC:s can be interpreted as endogenizing the policy dependence of the inelastic demand “shifters”
in VV. We then study how these shifters change across our counterfactual experiments.
To understand these connections formally, we first express our pension demand in an analogous

form to the literature. VV has a long-term bond demand function:
K
U/C) =q'b, Bi=b+ Z Ok Br.t (6.1)
k=1

where the {8}, are exogenous, mean reverting factors and the {0}, are exogenous factor

loadings. Our asset pricing condition for pensions can be rearranged to get:

n

1 qzﬁl d n _ 1 q;
)\h 1— quh (Tt Ty Ugh,taq;z) = /\h 1_ q?

U () = B[ e Gdont]
which implicitly characterizes our equilibrium demand function for pensions. Our demand func-
tion shares the same basic trade-off as the micro-foundation in the appendix of VV: households
can invest an extra unit in the pension for marginal benefit &’'(C') (the LHS) but face the cost of
shifting down their consumption path (the RHS). However, our formula differs in three ways: (i)
we model a random horizon while VV has fixed horizon!’; (ii) we have one good so the gain from
purchasing one share of a pension right before retirement shock hits is 1/¢,, — 1, while in V'V, there
are two goods; (iii) in V'V, they assume risk-neutral flow utility function {,; = 1; and (iv) in VV
the RHS “shifter” 3, = &, (rd — 1" — o, O'qn> /An is treated as exogenous whereas in our model
it comes from the portfolio choice problem of a risk averse agent.

To make this explicit, we take the linear approximation for our endogenous RHS shifter 3, =
&n (rd —r?— aghaqn) /An and compare it to the exogenous linear factor model for (5, in VV. We
do this by taking a first-order Taylor expansion of ), (w, €2, z) around the stochastic steady state

(SSS) POint (wh,ssa -, Whss Qf,ssa zss):
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Define the centered factors 3y, ; = wpt — whss fork = 1,...,1, By = Qg — Qi sss Broos =

7To see this more clearly, we could further rewrite 1/, as: fooo e~ Ansds,
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Comparison Test Statistic p-value

Bank restricted vs Baseline 0.0660 3.28 x 107
Fund restricted vs Baseline 0.0555 4.22 x 1073

Table 8: Kolmogorov—Smirnov test for equality of the [;, distribution under three counterfactor regimes.
The Statistic is the maximum absolute difference between the empirical CDFs of the two samples. Reported
p-values are two-sided.

2t — 2ss. Then K = I 4 2, and the loadings in VV formulation in equation (6.1) map to:

_ 9

Owi | g

8ﬂh aﬁh
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QO:Bh,Oa Qk (k’: 1,...,[), 9]+1 —

SSS

In Table 8, we compare the CDFs of the f3;, distribution in our counterfactual regimes to the
CDF in our baseline case and perform a statistical test for whether to reject the baseline [3;, process
when the financial regulatory regime changes. For both counterfactual experiments, we reject the
baseline process for (3, indicating we need to be able to predict the change in the (3, process in

order to understand the general equilibrium impact of regulatory changes.

7 Conclusion

This paper has examined how household frictions interact with the constraints on the financial
sector and how this ultimately affects household inequality. To do this, we constructed a novel
heterogeneous-agent macro-finance model with households facing asset market participation con-
straints, banks providing deposits, funds providing insurance/pension products, and endogenous
asset price volatility. We solved the model by developing a new deep learning methodology that
enables global solutions in environments with long-term assets, endogenous aggregate volatility,
and binding portfolio constraints. Quantitatively, we calibrated the model to the post financial cri-
sis United States economy from 2010 to 2024 and showed that it matches key macroeconomic,
asset pricing, and cross sectional portfolio moments. Counterfactual experiments highlight the
policy tradeoffs associated with alternative regulatory regimes. Tighter financial sector restrictions
increase stability but at the expense of lower growth and/or higher inequality. This is because richer
households are better able to take advantage of the higher spreads created by the regulations.

We believe the technical innovations in our paper open up new pathways for the macro-finance

literature. Our model combines advances in intermediary asset pricing with macroeconomics and
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household finance. Our solution approach brings aggregate risk and endogenous volatility into the
macroeconomic inequality literature. Our policy counterfactuals introduce household inequality
into the macroprudential policy tradeoffs. This points the way to a more nuanced and sophisticated

integration of finance and macroeconomics.

References

Acharya, Viral V., Robert F. Engle, and Diane Pierret, “Testing Macroprudential Stress Tests:
The Risk of Regulatory Risk Weights,” Journal of Monetary Economics, 2014, 65, 36-53.

Admati, Anat R. and Martin F. Hellwig, The Bankers’ New Clothes: What’s Wrong with Banking
and What to Do about It, Princeton, NJ: Princeton University Press, 2013.

Azinovic, Marlon and Jan Zemlicka, “Intergenerational consequences of rare disasters,” 2026.

— , Luca Gaegauf, and Simon Scheidegger, “Deep equilibrium nets,” International Economic
Review, 2022, 63 (4), 1471-1525.

Bach, Laurent, Laurent E. Calvet, and Paolo Sodini, “Rich Pickings? Risk, Return, and Skill
in Household Wealth,” American Economic Review, September 2020, 110 (9), 2703-2747.

Basak, Suleyman and Domenico Cuoco, “An equilibrium model with restricted stock market
participation,” The Review of Financial Studies, 1998, 11 (2), 309-341.

_ and Georgy Chabakauri, “Asset Prices, Wealth Inequality, and Taxation,” SSRN Electronic
Journal, 1 2024.

Begenau, Juliane, “Capital Requirements, Risk Choice, and Liquidity Provision in a Business
Cycle Model,” Working Paper, Harvard, 2016, (November 2013), 1-73.

— and Tim Landvoigt, “Financial Regulation in a Quantitative Model of The Modern Banking
System,” SSRN Electronic Journal, 2017.

_ , Pauline Liang, and Emil Siriwardane, “The Rise of Alternatives,” Technical Report Working
Paper 25-016, Harvard Business School August 2024.

Blanchard, Olivier J, “Debt, deficits, and finite horizons,” Journal of political economy, 1985, 93
(2), 223-2417.

Brunnermeier, Markus and Yuliy Sannikov, “The I Theory of Money,” Working paper, 2016.

Brunnermeier, Markus K and Yuliy Sannikov, “A macroeconomic model with a financial sec-
tor,” American Economic Review, 2014, 104 (2), 379-421.

Chan, Yeung Lewis and Leonid Kogan, “Catching up with the Joneses: Heterogeneous prefer-

ences and the dynamics of asset prices,” Journal of Political Economy, 2002, 110 (6), 1255—
1285.

49



Chien, YiLi, Harold Cole, and Hanno Lustig, “Is the volatility of the market price of risk due to
intermittent portfolio rebalancing?,” American Economic Review, 2012, 102 (6), 2859-2896.

Cioffi, Riccardo A, “Heterogeneous risk exposure and the dynamics of wealth inequality,” Work-
ing Paper, 2021.

Cioffi, Riccardo, Galo Nuiio, and Samuel Hurtado, “When Does Wealth Inequality Matter for
Asset Pricing?,” 2023.

Coimbra, Nuno and Hélene Rey, “Financial Cycles with Heterogeneous Intermediaries,” The
Review of Economic Studies, mar 2024, 91 (2), 817-857.

_ , Francisco Gomes, Alexander Michaelides, and Jialu Shen, “Asset Pricing and Risk Sharing
Implications of Alternative Pension Plan Systems,” SSRN Electronic Journal, 3 2023.

Corbae, Dean and Pablo D’Erasmo, “Capital Requirements in a Quantitative Model of Banking
Industry Dynamics,” 2014, (14).

den Heuvel, Skander J Van, “The welfare cost of bank capital requirements,” Journal of Mone-
tary Economics, 2008, 55 (2), 298-320.

Duarte, Victor, Diogo Duarte, and Dejanir H Silva, “Machine Learning for Continuous-Time
Finance,” The Review of Financial Studies, 09 2024, 37 (11), 3217-3271.

Elenev, Vadim, Tim Landvoigt, and Stijn Van Nieuwerburgh, “A Macroeconomic Model with
Financially Constrained Producers and Intermediaries,” Econometrica, 2021, 89 (4), 1361—
1418.

Favilukis, Jack, “Inequality, stock market participation, and the equity premium,” Journal of Fi-
nancial Economics, 2013, 107 (3), 740-759.

Fernandez-Villaverde, Jesis, Samuel Hurtado, and Galo Nuno, “Financial frictions and the
wealth distribution,” Econometrica, 2023, 91 (3), 869-901.

Gale, Douglas and Tanju Yorulmazer, “Bank capital, fire sales, and the social value of deposits,”
Economic Theory, 2020, 69 (4), 919-963.

Garleanu, Nicolae and Stavros Panageas, ‘“Heterogeneity and Asset Prices: An Intergenerational
Approach,” Journal of Political Economy, None 2023, 131 (4), 839-876.

Gertler, Mark and Nobuhiro Kiyotaki, “Chapter 11 - Financial Intermediation and Credit Policy
in Business Cycle Analysis,” in Benjamin M. Friedman and Michael Woodford, eds., NBER
Handbook, Vol. 3 of Handbook of Monetary Economics, Elsevier, 2010, pp. 547-599.

— and _ , “Banking, Liquidity, and Bank Runs in an Infinite Horizon Economy,” American Eco-
nomic Review, 2015, 105 (7), 2011-2043.

_ , _ ,and Andrea Prestipino, “Wholesale banking and bank runs in macroeconomic modeling
of financial crises,” in “Handbook of macroeconomics,” Vol. 2, Elsevier, 2016, pp. 1345-1425.

_,_,and _ , “A Macroeconomic Model with Financial Panics,” The Review of Economic Stud-
ies, 052019, 87 (1), 240-288.

50



Gomes, Francisco J. and Alexander Michaelides, “Asset Pricing with Limited Risk Sharing and
Heterogeneous Agents,” Review of Financial Studies, 2007, 21 (1), 415-448.

Gomez, Matthieu, “Asset Prices and Wealth Inequality,” 2017 Meeting Papers 1155, Society for
Economic Dynamics 2017.

Gopalakrishna, Goutham, “Aliens and continuous time economies,” Swiss Finance Institute Re-
search Paper, 2021, 21 (34).

Greenwood, Robin and Annette Vissing-Jorgensen, “The Impact of Pensions and Insurance on
Global Yield Curves,” Finance Working Paper 19-059, Harvard Business School 2018. HBS
Finance Working Paper No. 19-059.

Gu, Zhouzhou, Mathieu Lauriere, Sebastian Merkel, and Jonathan Payne, “Global Solu-
tions to Master Equations for Continuous Time Heterogeneous Agent Macroeconomic Models,”
Available at SSRN 4871228, 2024.

Guvenen, Fatih, “A parsimonious macroeconomic model for asset pricing,” Econometrica, 2009,
77 (6), 1711-1750.

Han, Jiequn, Yucheng Yang, and Weinan E, “Deepham: A global solution method for hetero-
geneous agent models with aggregate shocks,” arXiv preprint arXiv:2112.14377, 2021.

He, Zhiguo and Arvind Krishnamurthy, “Intermediary asset pricing,” American Economic Re-
view, 2013, 103 (2), 732-770.

Huang, Ji, “Breaking the Curse of Dimensionality in Heterogeneous-Agent Models: A Deep
Learning-Based Probabilistic Approach,” SSRN Working Paper, 2023.

Kahou, Mahdi Ebrahimi, Jestis Fernandez-Villaverde, Jesse Perla, and Arnav Sood, “Exploit-
ing symmetry in high-dimensional dynamic programming,” Technical Report, National Bureau
of Economic Research 2021.

Kargar, Mahyar, “Heterogeneous intermediary asset pricing,” Journal of Financial Economics, 8
2021, 141, 505-532.

Kennickell, Arthur B. and Martha Starr-Mccluer, “Household saving and portfolio change:
evidence from 1983-89 SCF panel.,” Review of Income and Wealth, 1997, 43 (4), 381-399.

Khorrami, Paymon, “Entry and Slow-Moving Capital: Using Asset Markets to Infer the Costs
of Risk Concentration,” Technical Report, SSRN Working Paper 2021. Available at SSRN
2777747.

Kogan, Leonid and Indrajit Mitra, “Near-Rational Equilibria in Heterogeneous-Agent Models:
A Verification Method,” The Review of Financial Studies, 05 2025, 38 (8), 2227-2274.

Koijen, Ralph S. J. and Motohiro Yogo, “The Cost of Financial Frictions for Life Insurers,”
American Economic Review, 2015, 105 (1), 445-475.

_ and _, “A demand system approach to asset pricing,” Journal of Political Economy, 2019, 127
(4), 1475-1515.

51



— and _ , “The Evolution from Life Insurance to Financial Engineering,” Working Paper 29030,
National Bureau of Economic Research July 2021.

_ and _, “The Fragility of Market Risk Insurance,” The Journal of Finance, 4 2022, 77, 815-862.

_ and _ , “Understanding the Ownership Structure of Corporate Bonds,” American Economic
Review: Insights, 3 2023, 5, 73-92.

Koijen, Ralph SJ and Motohiro Yogo, Financial economics of insurance, Princeton University
Press, 2023.

Krusell, Per and Anthony A Smith, “Income and wealth heterogeneity, portfolio choice, and
equilibrium asset returns,” Macroeconomic dynamics, 1997, 1 (2), 387-422.

_ and _, “Income and Wealth Heterogeneity in the Macroeconomy,” Journal of Political Econ-
omy, 1998, 106 (5), 867-896.

Lucas, Robert E., “Asset Prices in an Exchange Economy,” Econometrica, 1978, 46 (6), 1429—
1445.

Maliar, Lilia, Serguei Maliar, and Pablo Winant, “Deep learning for solving dynamic economic
models.,” Journal of Monetary Economics, 2021, 122, 76-101.

Merton, Robert C., “A Simple Model of Capital Market Equilibrium with Incomplete Informa-
tion,” The Journal of Finance, July 1987, 42 (3), 483-510. Presidential Address to the American
Finance Association.

Mitchell, Olivia S., James M. Poterba, Mark J. Warshawsky, and Jeffrey R. Brown, “New Ev-
idence on the Money’s Worth of Individual Annuities,” Brookings Papers on Economic Activity,
1999, 1999 (2), 131-192.

Piazzesi, Monika, “Presidential Address: Housing Betas,” The Journal of Finance, 2025, 80 (6),
3103-3136.

Saez, Emmanuel and Gabriel Zucman, “ Wealth Inequality in the United States since 1913:
Evidence from Capitalized Income Tax Data,” The Quarterly Journal of Economics, 02 2016,
131 (2), 519-578.

Sargent, Thomas J and Lars Ljungqvist, “Recursive macroeconomic theory,” Massachusetss
Institute of Technology, 2000, p. 4.

Vayanos, Dimitri and Jean-Luc Vila, “A Preferred-Habitat Model of the Term Structure of Inter-
est Rates,” Econometrica, 1 2021, 89, 77-112.

Oscar Jorda, “Estimation and Inference of Impulse Responses by Local Projections,” American
Economic Review, March 2005, 95 (1), 161-182.

52



A Recursive Characterization of Equilibrium

In this section, we derive the recursive representation of equilibrium described in Theorems 1, 2,
and 3 in the main text. Recall the notation for the finite dimensional aggregate state vector at time
t, 8¢ = (2, K4, Oy, Q). and the total collection of aggregate states at time ¢, S; := (S, gnt)-
We let N, denote the dimension of s; and denote the law of motion for s; as:

ds; = (ps(s) © s)dt + (o5(s;) © st)Tth

where p, and o, are functions for the geometric drift and volatility for s; and where ® denotes
element-wise multiplication.!® For convenience, we also define the companion arithmetic drift
as p*(sy) := (ms(s) ® s¢) and the arithmetic volatility as o*(s;) := (os(8;) © s;). Moreover,
throughout this Appendix we use subscripts for geometric drifts and superscripts for arithmetic
drifts. We denote the law of motion for the household wealth share density by:

dgn(w) = pf(w, 8)dt + o%(w, )" dW,

where 119 and 09 are the arithmetic drift and volatility of the density g respectively.

To be clear about what households internalize in the recursive formulation, we model rational
expectations belief consistency explicitly. We set up the agent optimization problems with agents
who believe that the endogenous aggregate states evolve by the functions (fix, fis, G, fig, 74)(),
understand that their individual actions do not influence the aggregate states (i.e. are price tak-
ers), and understand the equilibrium mapping between the aggregate states and price functions
(rd, (¢*, !, Og )ic{kmmn})(-). We then impose that, in equilibrium, agent beliefs are consistent with
the actual laws of motion in the sense that: (fix, fis, &, fig, 4)(-) = (fix, Hs, O, fig, Tg)(+).

A.1 Household Optimization

In this subsection, we solve the household optimization problem. We start by setting up the house-
hold’s state evolution. We then construct the Hamilton-Jacobi-Bellman-Equation (HIBE) equation
for the households and take the first order conditions (FOCs). Finally, we derive the law of motion
for the household Stochastic Discount Factor (SDF) and get the Euler equation.

Perceived idiosyncratic and aggregate state evolution: For each household, their idiosyncratic
wealth, a,, is their individual state. We let &; := (a¢, 2, Ky, Qp¢, Qs¢) and X, := (4, gn¢) denote

18We write the diffusion term that’s applicable for a more general form with multiple shocks. In the case of a single
shock, as is the case in our model, the diffusion should be read as (os(s¢) @ s¢) dW;.
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the total states for a particular household with individual wealth a,. Under their beliefs about the
endogeneous aggregate state variables (fix, fis, G, fig, 7,), the geometric drift and volatility of the
household’s finite state vector x; are:

[ tala, S;cn, On, tp) ] [ oq(a, S;0,) ]
p=(2) 0z
fo(a, S;cp, Op,tn) = Lk (S) , o.(a,S;0,) = 0 :
fig,(S) 0, (S)
i fig;(S) ] | 00,(S) ]

the arithmetic drift and volatility are g*(x;) := (fi.(2;) © @;) and 6% (x;) := (6,(x;) © x;), and
their belief about the law of motion of g, ; satisfies the equation:

dgn.i(w) = i@ (w, 8)dt + 59(w, §)TdW,

Here, households understand and internalize the law of motion for their individual state a but take
as given the evolution of the exogenous aggregate state, z;, and their belief about the law of motion
for the endogenous aggregate state variables, (K, 2,4, gn:). We use the tilde notation (£,
o) to emphasize the evolution of x; depends on agent beliefs about the endogeneous aggregate
states but do not use the tilde notation for functions that implicitly depend upon beliefs.

HBJE: Let Vj,(a, S) denote the value function for a household with state vector (a, S). Given their
beliefs about the evolution of the endogenous aggregate states, the V},(a, S) solves the HIBE:

prVi(a, S) = max {u(ch) — 1/1h7k(8,'j,wh)5h(5)a +AXUA =040 /") — Vi(a, S))

chOnsth

+ (ﬂx(aﬁ S; Ch, eha Lh))TDth(av S) + <8th(a, S)()v ,ag('a S)>
+ 0.5t {(67(S;04))" 57 (S; 04) D2Vi(a, S) }

+{((67(8501))" DugVi)(a, 8)(-),5°(-, 8)) + 0.5((DgyV (a, S)(-), 5% (-, §) ® 57 (-, S)>>}>

where D,V},(a,S) and D?V},(a,S) are the gradient vector and Hessian with respect to the fi-
nite dimensional state vector x at (a, S), 9,V (a, S)(w') is the kernel of the Riesz representation
of the Frechet derivative of V' with respect to the distribution ¢ at (a, S), D,V (a, S)(W') =
D,0,Vy(a, S)(w') is the Riesz representation of the cross partial of the kernel of the Frechet
derivative at (a, S), Dyy(a, S)V (W', w") = 0,0,Vi(a, S)(w',w") is the kernel of the Riez rep-
resentation of the second order Frechet derivative at (a, S), and the inner products are (f, h) :=
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[ f(W)h(W)da and ((K,u @ v)) := [ [ K(w', " )u(w)v(w”)dw'dw”. We collect the terms:

GoVil0,8) = (OVi 0t S)1). 1 ) + (@ (S ) DegVi)0 S % )
+ 3DV (@, 8)(),5(, 8) @ 57 S))) |

For clarity, we can rewrite the HIBE with the controlled variables taken out of the matrices:

piVi(a, 8) = max {u(cn) — vnx(8h,cn)Za(S)a+ AU (1= 6 + 8/q")a) = Vi(a, )

+ pa(a, 8;cn, On, 11)ad,Vi(a, S) + (1 (S)) D Vi(a, 8) + 0.50%,Vi(a, S)o2(S; 0),)a>
+ 3 Ous, Vila, $)0u(S; 04)0, (S)as, + 0.5t { (5°(S))" o (S) D2Vir(a, S) }

I<N;

1 (00(S: 00)a0,0,Va(a, S)(),59(-, S)) + G,Vi(a, S)}
where ¥, £ (0%, wy) = 0.5¢5w;, T (6F)2 and:

tala, S;cn, On,tp) = Td(S) + Z GZ(TI(S) - 7”d(s)) - Thy 0a(S;0n) = Z Oha

le{n,k}

Then the HIBE becomes:

paVi(a, §) = max {u(ch) (08, wn)Zha AU (1= 07 + 07 /g a) — Vi(a, S))

ChyOnsth

+ ia(a, S5 cn, O, tn)a 0aVi(a, 8) + (£°(8))" DsVi(a, §) + 0.505,Vi(a, 8)(6; 04(S))?a”
+ 3 uVila, $)670,(S)4, (S)as, + 0.5t {(6°(S)) 6" (S) D?Vi(a, S)} (A-2)
l

+(010,(8)9,0,Vi (0. 9)(). 6%, §))a + G,Vi(a. 5) |

and the FOCs are given by the following equations:

[en] = 0=1(cy) — 0uVi(a, S)
] = 0=3"() = 1/4"(S)
03] 0= (r*(S) = %(S))adaVi(a, S) — grton k() wi)Zna
+(D2(0.Vi(a, 8))"(67(8)) 04 (S))a + (0.0, Vi(a, S)(-), 5% (-, 8)) e (S)a
03] 0= (r"(S) = r%(8))aduVi(a, S) + A(1/¢"(8) — 1)ald'(C)
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+(Da(0aVi(a, 8))"(67(8))" 04+(S)a + (0.0, Vi(a, S)(-), 5% (-, §))ogn (S)a

SDF evolution: Let &,(a, S) := 0,Vi(a, S). From Itd’s Lemma, we have that the drift and volatil-
ity of &, (under the household’s beliefs) are given by:

pe, (a, S)én(a, S) = (Dién(a, 8))" ”(a, S) +
+ (04(S; 01)a0,0,8n(a, S
O¢y (CL, S)gh(aa S) = (6'35(0’7 S))TDwfh(av S) +

w{(6"(a,S)) 6" (a, S)D2u(a, S) }

(+),09(-, 8)) + Gyln(a, S)
0y€n(a, S)(-),07(-, )

[\D\»—t

o~ —

Thus, we can rewrite the FOCs as:

0¥ . 0=¢,(a, S)(r"S) —rY(S)) — i, k(0F, wn)Zn(a, S) + o¢, (a, S)éx(a, S)o gk (S)
7] = 0= ¢nla, S)(r"(S) = r(S)) + A(1/¢"(S) — 1)U'(C(a, 5))
+U§h(S 9h>£h(av S)Uq ( )

Finally, by differentiating the HIBE (A.2) with respect to a we get the Euler equation:

pnén(a, S) = (=m0, wn) — B Yoo (O, n)on + Dgrn i (O wi)03)En — Aén(a, S)
+&(a, S) (r'(S) + ) + ;tr {(67(S,04))"67(S, 04) D2én(a, S) }
+ (Dyén(@))" 17 (a, 8) + (04(S: 00)0a0yén(a, S)(-). 57(-, 8))a + Gy&u(a, S)

= (pe, — M)én(a, S) + &n(a, S)(r'(S) — )
— (n (O, wn) + O Uk (O, wn)won — Dgrtbn i (G, n)05) =

A.2 Financial Intermediary Optimization

Let V;(a, S) denote the value function for a financier of type j € {b, f} with state variable (a, S).
Given their beliefs about the evolution of the aggregate states, the value function V;(a, S) for a
financier solves the HIBE below:

piVj(a, §) = max {U(Cj) = > Yu0)Z(S)a + pala, iy, 0;,15)ad.Vi(a, S)

KRERE le{k m}

+(1°(S))" DsVi(a, S) + @fa Vi(a, 8)oa(8:0;)a” + 3 a5 Vj(a. 8)oa(8;6;)5,,(S)d4.3)

I<Ns

+(04(850,)aduyVi(a, 8)(-), 69 (-, s>>} + ;tr{<&8<s>>T&s<s>D§vz-<a, S)} +G,Vi(a, S)
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where:

pa(a, S;cj, 05,0;) = (S) + Z 0! (r'(S) —r?(8)) — cjifa; —T

le{m,k}

o.(S; (9]-) = Qfaqk(S) + 9}”qu(5) + (1 - ‘9? - 9?)‘7@{1 (S)

where 7/(+) and 0, (-) are the average return and volatility of return process for the liabilities issued
by a financial intermediary of type j (i.e. deposits for bankers and pensions for fund managers).
Following the same steps as for the household, the FOCs for the financial intermediary are:

;] - 0=1u'(¢;) — 0. Vi(a, S)

e/l 0=2"(t;) = 1/4"(S)

051 0=1"(8) =17(8) + 0¢,(8:0;) (04 (S) — 045 (S)) — Dyt (0)Z5(S)
07 0=1r"(8) = 1r/(S) + 0, (5:0;) (0 (S) — 045 (S)) — Doy (07")=5(S)

and the Euler equation is:

pi+ N = g, (a,8) +17(S) =T+ 0, (S)ow (S) — X (v — 3@%’,1(%)) Z;(S)

le{km}

Proof of Proposition 1 (Aggregation Within the Financial Sector). We guess and verify that the
value function for financier j € {b, f} satisfies Vj(a, S) = n;(S)a'~% /(1 —~;) and &;(a, S) =
n;(S) a7 . This implies a consumption policy function ¢; = 7;(.S)a and so the geometric drift
and volatility of a for a financier of type j are:

pala, S5, 05,05) =17 (S)+ >0 05(r(8) —17(8)) = 1;(S) — 7 = p1a, (S35, 0;,1)
le{m,k}
oa(a, 8;0;) = 050, (S) + 0'0gm (S) + (1 = 05 — 070, (S) =: 04,(S,0;).
This implies that the portfolio choice Qé is independent of a and characterized by:

0=17"(8) = 17(8) + 0¢,(8:0;) (01 (S) — 04 (S)) — Iy 101(65) =5 (S)

Recall that we set the normalizing constant =; = &;. Finally, we can verify the the guess by substi-
tuting the guesses into the Euler equation. It follows that financier choices are either independent
of or linear in wealth and so we get aggregation. 0
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A.3 Distribution Evolution

In this subsection, we characterize the evolution of the wealth distributions implied by the agent
choice functions and price functions. We start by studying the evolution of aggregate wealth in the
different sectors. For the banking and fund sectors, from Proposition 1, all agents choose the same
portfolio allocations and so we do not need financier distributions to understand the aggregate
dynamics. By contrast, for the household sector, different households choose different portfolios
and so we do need the distribution of household wealth to understand aggregate dynamics.

Sector level wealth evolution: Let Ay, 4, Ay, and Ay, denote the aggregate wealth in the household,
banking, and fund sectors. Let g;, denote the measure function of wealth for type j € {h,b, f}.
Then the aggregate wealth in financial sector j € {b, f} evolves according to:

dAj. 1 e
A N A]"t 0

75t
1 0
+ A—/ 04, (0;(a, S;), Sy)dWagy,(a)da
gt /0

1 _
ta; (St cj(a, Sy),05(a, Sy), 1)ag(a)dadt + TAj(¢jAt — Aj,)dt

J,t

For the financial sectors, all agents choose the same consumption function and portfolio so
cj(a,Sy) = n;(Sy)a and 0;(a,S;) = 0;(S;) for all « and j € {b, f}. This implies that for
financial sector j € {b, f} we have:

= (ri<st>+ 5> O(SI(S) — r(S) — n(S) 74 (&—Q)dt

le{m,k}

+ (05(S0)0y (1) + 07 (S)n (S) + (1 = 05(S1) = 07(S)os (S1)) AW,

We now consider aggregate wealth A(S;) = ¢*(S;) K;+¢™(S;) M;. Denote the share of wealth
in capital stock by 9,(S) = ¢ (S)K,/(¢"(S)K; + ¢™(S)M,). The evolution of A; follows:

dA;

= (P01 (8) + (1) = 8) + (1= 0(8)) 11 (S) + B(s) — ) di

+ (9(8))0(Se) + (1 — 0(S,))agm (S1))dWV,

So, the evolution of €2;, = A;,/A, is given by:

ds;

TN = (MAJ-(St) — 11a(St) + (0a(Sh) — C’Aj(St))UA(St)) dt 4 (04,(8t) — 0a(5))dW: (A4)
it

Household wealth evolution: Let g .(a) and gp+(w) := gn:(wA) denote the measure functions
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over household wealth and household wealth shares respectively. So, we have [;° g (a)ada =
Ay and [ gp i (w)wdw = Q. The Kolmogorov Forward Equation (KFE) for gy, ¢(a) is given by:

dgn.(a) = <>\h¢h¢h(a/f4h,t) = Mngni(a) = Oalpala, Si)agn.(a)]
+ ;@aa {ag(a, St)a2§h7t(a)] )dt — O4loa(a, St)agn+(a)|dW,;

The evolution of the household wealth share, w; ; 1= a; /A, is:

dww

= (ta; (Wi A(S), S1) = pa(Sh) + (04(81) = 04, (i1 A(S), 51))oa(S1)) di

+ (00, (Wit A(St), St) — 04.4(Se))dWy =: i, (wit, St)dt + o4, (wit, Si)dW;

Wi ¢

so the KFE for the measure function over wealth shares, g, ;(w) := gn+(wA), is:

dgn(w) = (wm(w/ﬂh) — Mt (@) — O lpteo(w, Se)wn (@)

) (A.5)
+ §8ww {cri(w, St)nghvt(w)} )dt — Oplow(w, St)wgn+(w)]|dW;.

A.4 Recursive Rational Expectations Equilibrium

Definition 2 (Recursive Rational Expectations Equilibrium). Is a collection of endogenous state
evolution functions (pif, ps, O, i1y, 0,)(+), price functions (%, (¢*, 7!, 0 )iefr,mny)(-), and agent
functions ((&;, ¢;, 0;)etnp,f}>Ch, t)(-) such that:

1. Given their beliefs about the functions (fif, fis, &, fiy, 04)(+), the agent functions
((&5¢j505)jethb,ry:Chst)(-) solve the HIBEs (A.2) and (A.3),

2. The price functions (r (ql,Tl,Uql)ZG{k,m,n})(') satisfy market clearing for: (a) Goods:
Jo cn(WA(S), S)g(w)dw + e 5y Ci(S) + An [ Ch(wA(S), S)g(w)dw = e* Ky — 1K,
(b) Capital: [, 05 (wA(S), S)An(S)g(w)dw + X ey 05(S)A;(S) = g7 Ky, (c) Pensions:
Jo Oh(wA(S), ) An(8S)g(w)dw+07%(S)As(S) = 0. (d) Deposits: [, 07 (wA(S), ) An(S)g(w)dw+
05(S)A(S) = 0, and (e) Bonds: X ;cq, 1y 05(S)A;(S) = ¢" MKG.

3. Given the agent and price functions, the evolution of the endogenous states (K¢, {2+ }jc(s.}5 Int)
satisfy dK; = (¢(u) Ky — 0K})dt, (A.4), and the KFE (A.5) respectively,

4. Agent beliefs are consistent: (fix, fts, G, fig, 04) = (L, Bs, Os, by, Og)-

We can now prove Theorems 1, 2, and 3, which characterize the recursive equilibrium.
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Proof of Theorem 1 (Block 1: Agent Optimization). Impose belief consistency (fix, fis, O, fig, 0g) =
(fr, s, O, f1g,04) and Z;(-) = &;(-) on the results from Subsections A.1 and A.2. Then, given
equilibrium prices and price functions ((&;,¢;, ;) eqnp,r}>Ch,t)(-) the household, banker, and
fund choices (11 variables), (cy, Cp, cp, cg, OF, 07, 0F 6, 0% 07, 1), satisfy the optimization equa-
tions (11 equations) for any S

0="1'(¢j) —&(a,8), je{hb, f}

0= —-Ch+(1—-0,+6;/¢"(S))a

0=7r"(8) = r(S) + o¢,(a, 8)ag(S) — Fyetoni (0}, wn)

0=7r"(S) —r48) + 0¢,(a,8)o,(S) + Au(1/¢"(S) — U (Ch)

0=1'(8) —r%S) + o¢,(a, S)ou(S) — 89;)1/11,71(9%)), le{m,k}

0=17'(8) = r"(8) + 0¢,(a, S) (04 (S) = 04+(S)) = Ty ya(05), 1€ {m, k}
0=3'() —1/4°(S)

and the 3 agent marginal value functions (&, &, &f)(a, S) satisfy the 3 Euler equations:

pn+ An = pig, (@, 8) +1(S) — 7 — Y r(OF, wn) — Oy on 1 (05, wi)wn + a@ﬁwh,k(eﬁa w0,
P+ Xo = i, (a, S) +r%(8) — 7 — Z (@Db,z(@é) - 895)%,1(9;)))

le{k,m}

P+ Ar = e, (0, 8) +13(8) = 7 + 0¢,(S)ogn (S) — X (vri - 39;%,1(9}))
le{km}

where the equilibrium household net tax rate is 7, = 7— A\, Ap 1 — (AbAb7t+)\fAf7t_Zje{b7f} Aj®j At) JAnt
and the drift and volatility of ; are characterized by It6’s lemma:

He; (a7 S)fj(av S) = (D:vgj(a’v S))T”’x(a? S) + ;tr{(a’x(av S))Ta-x(av S)Difj(&, S)}
+(0a(850;)a0.04¢;(a, S)(-),5(-, 8)) + Gé(a, S)
0¢; (a7 S)gj(aa S) = (Ux(av S))Tngj(au S) + <895j(a7 S)()? 557(.’ S)>

O]
Proof of Theorem 2 (Block 2: Distribution Evolution). This follows directly from the KFEs (A.4)
and (A.5) in Subsection A.3 with the equilibrium policy and price functions substituted in. [

Proof of Theorem 3 (Block 3: Equilibrium and Consistency). The statement of asset market clear-
ing conditions in the main text comes from dividing each equation by A(S) and observing that
Y = ¢*K/A(S). The Itd’s lemma expression is standard. O
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Internet Appendix

B Modeling Retirement (Internet Appendix)

In this section, we offer a microfoundation for the terminal utility 2/(C). Consider the setup from
Section 2 but with explicit agent retirement. Formally, agents are now born as active participants
in the economy, then transition to retirement at rate )\, and then finally die at rate \;. When agents
retire they stop participating in economic production and exchange their assets for resources to
consume during their retirement. They receive flow utility u(cp, ;) = c};ﬂ /(1 —~) from consuming
during retirement. One way to model this is for the households to purchase a stock of goods at
retirement, which they progressively consume. We focus on this case in this Appendix since it
leads to the exact market clearing conditions as the main text. An alternative model would be for
households to purchase an annuity that pays goods throughout their retirement, which would lead
to a similar household problem but minor differences in the market clearing conditions.

As in the main text, let V},(a, S) denote the value function of household with wealth ¢ when
the aggregate state is S. Now, let W;,(A, S) denote the value function of a retired household with
remaining wealth A. The value of W, is derived in Proposition 2 below.

Proposition 2. The household’s value function at retirement is:
Wi(A, 8) = oA/ (1= 7)(p + Aa)) (B.1)

where o satisfies:

o(p + Aa) 1 <p+Ad>(”)”+ 0 (1_<p+Ad>m) (B.2)
0

(p+X)(1—7) 1—7\ o P+ A

Proof. The optimization problem of a household that retires at time 7, with ar, is:

Ty

Wi(Ar,, Sr,) = max Er, l /

dA; = (A —c)dt, Ap = (1 -0y, +0;,/q)ar,

e_”(t_Tr)u(cTrH)dt] s.t.

r

where Ar, is the total household wealth after redeeming pension contracts with the fund managers.
From the setup we can see that 1/, does not depend upon S7, and so we can drop it from the
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function. It follows that W, (A) satisfies the HIBE:
(p + )\d)Wh(A) = m;ax{u(c) -+ 8Wh(A) (A — C)}

for which the FOC is u/(c) = 04W (A). We guess (and verify) that 17/}, takes the form (B.1) and
impose the functional form u(cp ) = c}l,_t” /(1=7). Then the FOC becomes ¢ = ((p + Ag)/0)"/" A
and the HIBE becomes:

1—y /v \ 17 1/
0A(p+Aa) 1 (p%kd) Al L 4 Aﬁ_<p%kd> A
(p+A)1—=7) 1-7 0 p+Ad 0

so that ¢ implicitly satisfies (B.2) (after simplification) and our guess is verified. ]

Extension with annuities: If the household invested in an annuity with coupon rate ¢ instead of
storing consumption goods, then the household problem is the same except that now da; = (Ca; —
¢;)dt and so the implicit expression for g is adjusted by ( to become:

o(p+ M) ! <p+)\d>(l—v)/v+ 0 <_<p+>\d>l/v
(p+r)(l—=7) 1=7\ o p+ A 0 '

Micro-foundation for main text: Returning to the formulation in the main text, we can micro-

found consumption at death with this retirement model by setting 2/ (-) = W (-) and noting that at
retirement Cy, = (1 — 0y, + 03 ,/q}')ar, = Ar, and so we have U(Cr,) = V(Ar,) as required.
Under this formulation, we have the parameter mapping: 1 — 5 = 1/(p + Ag).

C Construction of The Loss Function (Internet Appendix)

In this section, we provide the details for the construction of the loss function in Subsection 3.2.
We first re-characterize the equilibrium blocks on the finite agent state space. We then re-express
the system in terms of equilibrium functions. Finally, we show how to characterize equilibrium
given the approximated functions.

C.1 Finite Agent State Space

Formally, we approximate the household wealth-share measure function g by a collection of 1
agents. The aggregate state space for the finite agent approximation becomes S = K,wi, ...
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wr, $, §24), where @ := wy, . .., wy are the wealth shares of each agent.'” The KFE for the density
g(w) is approximated by the evolution of {w;; = a;/A;}:<r, which we impose follows

dwi7t N A A

= (10.(8) = pa(8)) + (04(8)) = 04,(8))74(81)) dt + (00,(S1) = 7a(8)dW(C.1)

Wi ¢

for all ¢ < I where:

’u‘“(s’t) - Td(‘gt) + Z QZ(St)(TZ(S't) - Td(s't)) - Uh(gt) —Th + A <¢hﬂh7t - 1>

1e{n.k} Wit

UAi(S't) = Hf(S‘t)aqk(S’t) + GT(St)aqm(S’t)

This follows the approach developed in Gu et al. (2024) where the law of motion averages across
idiosyncratic death shocks so that our finite agent economy approximates the density in which
idiosyncratic noise is averaged out. The literal interpretation is that the law of motion for w; ; is the
expected law of motion for a family of agents whose members die at rate \;, and are reborn with
wealth share drawn from ¢y, (w) after they die.

Define the corresponding agent state space by X = (a, S’) for an agent with wealth a. Under
the finite agent approximation, the application of Itd’s lemma to a variable v;(a, S ) leads to the
following expressions that no longer involve any functional derivatives:

A

v, (a, 8)v;(a, §) = (Dxv;(a, )" py(a, S)
+ ;tr {(JX(a, S)® X)(o¢(a,S) ® X)D%vj(a, S’)}

A A A

a,,(a, 8)vi(a, 8) = (a¢(a,8) ® X)"Dyv(a, S)

C.2 Equilibrium Characterization on Finite Agent State Space

We now bring together the three blocks and rewrite the equations with the finite agent state space.
Let 1); := ¢;/a denote the consumption-to-wealth function for an agent in sector j € {h, b, f} with
wealth a. The agent functions, distribution evolution functions, and equilibrium price functions:

({779-, &is ey 0e, Yietnoys 100 e rnys {05 Y ieqo.ryie tmnmy L) (S),
({:uww Uwz'}iﬁlv {:U’qu 0q, }jG{lhf}) (S)’
(Tdu {ql’ rlv Uql}le{k,n,m}> (S)

9Once again, for clarity, we include all the wealth shares in the state space although technically there is redundancy
because by definition they sum to 1.
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satisfy the following conditions:

(i) Optimization: The first order conditions:

0 ='(nja) = &(a,8), Vije{hb,f} (C2)
0 =7r*(8) = r(8) + 0¢, (a, 8) 0y (S) — Dyt i (60}, 0n) (C.3)
0 =r;(S) — r(S) + 0¢,(a, S)on (S)

+A(1/g"(8) — U’ ((1+ (1/4"(S) = 1)6}) a) /&, (C4)
0 =r*(S) —r*(S) + 0g,(a, 8)og(S) — Dystbui(6) (C.5)
0=1"(8) —1%(8) + 0¢,(a, §)ogn(8) — gy tbpm (6}") (C.6)
0=r"(8) = 1}(8) + o, (a, 8)(094+(8) — 0,2(S)) — Fpsoyu(65) (C.7)
0=1"(8) = 1}(8) + 0¢,(a, S)(0m(S) = 04n(S)) = Doy (0F) (C.8)
0=®'() — 1/¢"(S),

and the Euler equations:

Pr+ An = peg, (a, S) + Td(s') — Th — Ui (O, wn) — Oy Uik (Wh, wi)wn + a@ﬁlﬁh,k(@z,wh)@ﬁ(c-%

o o = pig, (0, 8) +1(S) =7 — > (Yna(0)) — D na(6})) (C.10)
le{k,m}
pr+ Ap = pe, (0, 8) +1H(8) = 7+ 0, (S)ogn(8) = > (¥pa— a%q/}f,l(e;)) (C.11)
le{k,m}

where the drift and volatility of §; are characterized by 1t6’s lemma:

He; (CL, S)gj(au S’) - (Dij(a’ g))Tﬂ‘X(a’ S’)
1 A A
+ Etr{(o'f((a, S)© X)"(o¢(a,8) © X)D%(a,8)} (C.12)
0¢,(a,9)¢(a, §) = (a5(a,8) © X)"Dg&;(a, S), (C.13)
(ii) State evolution: The evolution of K is given by: dK; = (¢(1;) Ky — 0K,)dt. The evolution
of ;, = A;, /A, for any financial intermediary j € {b, f} is given by:

Q.
QO

A

= (:uAj (St

) = 1a(80) + (04(S)) = 04,(8))0a(S1)) dt + (0.4,(Sh) = 9.4(S1))dW,
(C.14)

gt
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where:

1A, (8 =19(8) + 3 0SS = 17(8) = mi(S) — 7+ A (5‘ )

le{m,k}

o4,(8)) = ef(gt)aqk(gt) + 9}”(&)%"@(&) + (1= Qf(gt) - Qf(s't))aqf(gt)

The evolution of w;, for 2 < [ is given by equation (C.14).

(i11) Market clearing conditions:

Znaz, Yw; + Z n;( Q —I—)\hz< +< 1A —1)02(@,5’))% :M

i<l jelb.f) i<I q"(S) A(S)
(C.15)
. . HS)K
S 0n(ai, 8) + 0,(8)Q + 0,(S)Q = & (5) (C.16)
i<l A(S)
> 07 (a;, S)w; + 07(8)2 =0 (C.17)
i<l
S0 (as, S)w; + 070, = 0 (C.18)
i<l
s
O (S)Q + 07(S) 0y =1 -1 (5) K (C.19)

A(S)

where A(S) := ¢*(S)K + ¢"(S)M and the price processes for the long term asset prices
must satisfy consistency with Itd’s Lemma for [ € {k,n,m}:

1 (8)4(8) = (D (8)) s (8) + 5 {(05(8) © 8)7(05(8) © §) D! (8) C:20)
o,4(8)d'(S) = (0.(S) © 8)"(Dud'(5)) (C.21)

C.3 Equilibrium Functions

We express the equilibrium objects as functions of the aggregate state vector S without any explicit
dependence on the agents’ idiosyncratic state a. To illustrate this, we focus on the household
stochastic discount factor function, which is defined in the partial equilibrium household problem
as a function of individual household wealth and the aggregate states & (a, 5’) In equilibrium we
have that that the wealth for agent 7 is a; = wiA(S' ) where w; is the agent i’s share the economy’s
wealth and A(S) = ¢*(S)K + ¢™(S)M. This implies that Z,(S) = &(a, S)|,_, ). The
difficulty is that for some variables, namely the agent SDFs, we need to take derivatives. This is
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complicated because D&, (a, S)| y# D S_h(S ) for the obvious reason that the dimension

a= 77hA
is different. We resolve the formal connectlon in Proposition 3 below.

Proposition 3. In equilibrium, we have that for j € {h,b, f}:

>

(1]

i(5)

1, (a, S)f( g)’a w;AS) = HE J(S>
=0 ;(S)

06 (8)(a, 8)(a, 8)l oy a(8) = 05,()

[1]

Proof. We show the result for the volatility. The working for the drift term is analogous. For the
volatility, we have that:

O-fj(aWSA’)éj(aﬂsA’)_(a-X@X) ( f](a S))
= 0a&5(a, 8)0a(a, )a+3 ¢i(a, 8)o.(2)z
+3 0ubnla, 8o, (S)wi + > d.,6(a, 8)oa,(S)w;

i<I J<{b.f}

After imposing equilibrium a = w; A( S ) (with the normalization that a refers to the first agent in
the finite population vector), where A(S) = ¢*(S)K + ¢™(S)M, we have that the RHS is:

RHS = 0,&(w1A(8S), S)oa(wiA(S), S)wiA(S) + 0.;(w1 A(S), 8)0.(2)z
+ 3 O n(@1A(8), 9)0u,(Swi + > (Wi A(S), 8)og, (S)w;
i<I J<{b,f}
[ 0u(@1AS),8)a | [ 061w A(S), 8) '
Uz(z)z ath wlA( A)v‘sl)

0 AaKAgh w1 A(S), S) o

Uwh,z(s)wh,z aagh(wlA(S)ﬂ S)A(S) + awhgh(wlA(S)v S)
00,8, | | 00, & (QMA(S), S) |

= (05 © 8)"(Dg=n(S))
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C.4 Loss Function

We can now finally construct our loss function. We approximate the following functions with
neural networks:

h:S =R, (5,0,)—0,(8;0,,), Yjec{h,f b}
0, :S =R, (8,04,)  0h(S;04), VIe{kn},

0F : 8 =R, (S,0,) — 0;(S; 0pp),

q':S =R, (8,0,)q(8;0,), VIe{nm}

ﬂqk S — R, (S’,@quk) — ﬂqk(g, @qu),

Gg:8 =R, (8,0,4)6,4(8,0,4), VIe{knm}

Given these neutral network approximations, at any state S we can construct the value of the
other equilibrium objects in C.2 from the equilibrium characterization in Subsection C.2 using the
following steps:

(1) Impose the goods market clearing condition (C.15) to calculate q’“(g ),

(i1) Impose the asset market clearing conditions (C.16), (C.19), (C.18), (C.17), to get the finan-
cial intermediary portfolio choices: 6f(S), 67(S), 6(S), and 7%(S),

(i11)) Impose the fund and household budget constraints to get the remaining portfolio choices:
9%(5’ ) and 9’;(5’ ) (the bank budget constraint is then imposed through Walras’s law),

(iv) Use the consumption first order conditions (C.2) to reconstruct {£ J(S’ ) }icthb s

A

(v) Compute o¢(.S) from the state evolution equation,

(vi) Use the first order conditions (C.5), (C.6), (C.7), and automatic derivatives of {¢; (S’ )} icthb, )
combined with Itd consistency for ¢ volatility (C.13) to compute the capital Sharpe ratio
(r*(8) — Td(g>)/0qk(:§), the government bond Sharpe ratio (r"(S) — r%(8)) /4 (S), and
the pension Sharpe ratio (r"(S) — r%(8)) /o (S),

(vii) Use the neural network approximation to j.. and the agent policy functions to compute
r*(S) and then combine with the capital sharp ratio to compute r%(S), and

(viii) Calculate the drifts of the states using (C.14), the drift of SDF {@E{h@ f}} using (C.12), and
the drift of ¢™ and ¢" using It6’s lemma (C.20).
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After making all these substitutions, we are left with the equations from the loss function con-
structed in section 3.2: the agent Euler equations ((C.9), (C.10), (C.11)), the first order conditions
for the portfolio choices that were approximated by neural networks, ((C.3), (C.4), (C.8)), the Ito
consistency equation for the drift of capital prices (C.20), and the Itd consistency equations for
price volatility (C.21).

C.5 Simulation

In order to simulate the economy we need to compute the evolution of the household wealth
distribution. This is complicated for our finite agent approximation method because the neural
network policy rules are equilibrium functions of the positions of the /N other agents rather than
a continuous density. To overcome this difficulty, we use the trained neural network functions
to construct a finite difference approximation to the KFE. This involves two key approximation,
which we describe below: fitting a partial equilibrium function for y,(a|z, K, Qy, ), g,) and then
reconstructing the finite difference matrices. Throughout, we use the following notation. Let
a = (ay : m < M) denote the grid in the a-dimension. Let g, = (g : m < M) denote the
marginal household wealth measure function on the a-grid.

Approximation 1: Fitting the functions p,(alz, K,Qz, Qp, gn) and o,(alz, K,Qs, Y, gn) on the
grid points at a given (z, K, ¢, Q. gn). We illustrate the procedure for y,(a|z, K, Q¢, Qp, gp).
We need to use our a finite agent representation for the equilibrium functions on S to approximate
the partial equilibrium function y,(-|-). To do this, we exploit the law of iterated expectations that:

palailz, Q. Qs gn) = [ plailz, 2, Q5. @)gn(d)

where @ := (&1, ...or) and g5 (dw) denotes the density for an / agent draw from gj,. We approxi-
mate the RHS at each aggregate state (z, K, Qf, (), g,) using the following:

» Draw Ny;; [-agent vectors, {d:}nNif, from g;, and calculate p(alz, K, (2, 2, @) for each
draw. This gives a sample:

{M(@?A(Zv Ka Qb? Qfa Qn) | 2, Kv Qba va a)n)a

..,M(Q?A(Z,K, Qb7 Qfa‘;’n) ’ Z7K7 QZan’&)”) N

n=1

» Fit a cubic spline fitting for relationship between a and p(a|z, K, %, €y, gn). Denote the
fitted function f,,, (|2, K, Q, 2y, gn).
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Figure 8: This figure presents the histogram of difference in the impulse responses computed using the
KFE and the N-agent simulation. The left and right panel plots the level differences in the wealth share of
fund and the wealth share of bank, respectively. The right panel presents the level differences in net asset
holdings of fund (net of bank asset holdings).

 Compute the drifts at grid points: 1, = f#a (aml|2, K, %, Qf, gn),m < M.

The volatility o,(+|-) is fitted in an analogous way.

Approximation 2: Constructing an average KFE operator at a given (z, K, Q ¢, Oy, g,). Draw Ny,
I-agent vectors {aF = (a; : 1 < i < I)}2=m For each draw k < N,;,,, the KFE is replaced by
the following finite difference equation:

AGmt = fig.m(@))dt + agjm(df)th, m< M (C.22)

where the drift at grid point (m) is defined by the finite difference approximation for the KFE
using the policy rules from our finite population neural network solution. From this approximation
we can calculate the transition matrix A, for the finite difference approximation at the draw a!.

We then compute an average transition matrix, which we use for simulation.

Simulation algorithm: Algorithm 2 summarizes how approximations 1 and 2 are used to simulate
the evolution of the household wealth measure function.

For comparison, we also simulate the baseline economy using the [-agent equilibrium functions
(referred to henceforth as ‘I-agent simulation’). Specifically, we simulate using an Euler scheme
for 500 years with a monthly frequency and compute the ergodic mean wealth shares of all N-
agents. We then compute impulse responses from these ergodic states to a negative TFP shock and
compare them with the responses from the ergodic states obtained using the KFE method. Figure
8 presents the difference between the two.
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Algorithm 2: Simulating Paths

Input : Initial distribution, neural network approximations to the policy and price
functions, number of agents I, time step size At, number of time steps Nr,
number of simulations Ng;,,, grid @ = {a,, : m < M} for the finite difference
approximation.

forn=0,..., Nr —1do

At iteration n, the time is ¢ = nA and the current state is (z¢, K+, Qrt, Qot, Gnt)-

fork=1,..., Ny, do

Draw states for / agents {w; : i = 1,..., I} from density g; at t = nAt.

Given state current state, compute equilibrium prices and returns.

Given the current state, use Approximation 1 to fit the functions approximating the
drift and volatility of a: fua (|2, Ko, Qg4 Qo t, ge) and
faa('|2;ta K, QI,t; Qb,ty gh,th),

Using f,, and f,,, at each grid point a,,, € a, calculate the consumption and
portfolio choices.

Use Approximation 2 to construct the transition matrix .4, 5 using a finite
difference approximation on the grid a, as described by (C.22).

end

Take the average: A, = ﬁ kNjf” A

Sample AW, from the normal distribution N (0, At) and construct TFP next period
using zia¢ = 20 + (2 — 2) At + c AW,

Update (K¢, Qr4, Q1) to (Kirae, Qritat, Qb14a¢) using their respective laws of
motion.

Update g; by implicit method: g, a; = (I — A At) g, + aTAW, .

end
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D Training Algorithm and Errors (Internet Appendix)

The full algorithm is provided in Algorithm 3 below. Figure 9 presents the Euler equation training
MSE in marginal utility units over epochs in the top left panel, along with the validation loss in the
top right panel. The algorithm converges successfully with the validation loss in the order 10~
The error saturates after 60k epochs, where the gradient norm of all neural network parameters
stabilizes.

E Discussion of The Loss Function (Internet Appendix)

In this section, we explain and illustrate the advantages of our loss function outlined in Section 3.2
and derived in Appendix C. We start in Subsection E.1 by demonstrating the benefit of working
with the equilibrium functions rather than the partial equilibrium functions in a representative agent
Lucas tree economy. This analysis is extended in Subsection E.2 to an economy with heteroge-
neous agents. Then in Subsection E.3 we show that parameterizing consumption-to-wealth ratios
helps the algorithm to converge and avoid undesirable approximate “cheat” solutions. Finally, in
Subsection E.4 we illustrate the benefit of imposing market clearing explicitly.

E.1 Working With Equilibrium Functions

We demonstrate the usefulness of imposing general equilibrium explicitly by solving a representa-
tive agent Lucas asset pricing economy under different specifications of the loss function. We use
this model because we can compare directly to an analytical solution. This can be interpreted as a
version of the “big-K, little-k” approach in chapter 7 of Sargent and Ljungqvist (2000).

Economic model. The economy is in continuous time with infinite horizon. There is one type of
consumption good. The economy is populated by a representative agent price taking agent who en-
joys flow utility u(c;) from consuming goods flow ¢, and has discount rate p. There is a unit share of
a Lucas tree that generates output flow y; following a stochastic process dy; = u(y;)dt+ o (y,)dWs,
where W, is the standard Brownian motion. Shares in the Lucas tree are traded in a competitive
market at price q.

Recursive equilibrium characterization: Let a denote the market value of individual wealth held
by the representative agent and let A denote the degenerate wealth distribution at point A. Because
the representative agent is a price taker, they do not internalize that their individual wealth will
ultimately be the aggregate wealth in the economy and so they take the evolution of the degenerate
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Algorithm 3: Neural Network Training with Validation and Adaptive Learning

1:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

Initialize neural network objects (7);) je(n.f.63» (05 )ic{kn}s OF> (@ )nm» and (figrs 6gt)ie i m}
with parameters ©
Initialize Adam optimizer and ReduceLROnPlateau scheduler
Generate validation dataset: (S’”“l = (z“‘”, Kook (w; )0, e, Q}“l))
Set patience <— 0, max_patience <— 1000, max_epochs < 60,000
while Epochs < max_epochs AND patience < maz_patience do
Compute adaptive learning rate Ir using inbuilt scheduler

1N 1 A’I”L n n n n n N
Sample N new training points: (S = (z K (Wi b’Qf)>n:

1
Calculate equilibrium at each training point S™ given current neural network
approximations

Construct the loss as:

LS:@)=| > Ly+ X Lo+ > Lo+Lop+Ly,+ > Lo,

je{hb,f} le{k,n} le{km} le{kn,m}

where £, is defined by equations in Subsection 3.2 for each variable v.
Apply gradient clipping and update parameters: ® < & — [r - VeoLliota
Update learning rate scheduler based on ﬁval
if epoch mod 50 = 0 then
Compute validation loss ﬁml on validation set SV
if EAwl < min_loss then
Update the minimum loss and patience counter min_loss <— ﬁwl, patience <— (
Save all model states, optimizer, and scheduler
else
patience < patience + 1
end if
end if
IF validation loss variance (normalized by mean) < le — 4 over window, BREAK
epoch < epoch + 1
end while
Save final checkpoint model.
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Euler equation Losses (Training)

Euler equation Losses (Validation)
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Figure 9: The top left panel plots the Euler equation L-2 training loss from the baseline model over iterations
on a logarithmic scale. The neural network architecture is 4 hidden layers with 256 neurons in each layer
trained using an ADAM optimizer with a learning rate scheduler. The top right panel produces the Euler
equation validation loss. The bottom left panel produces other losses and the bottom right panel produces
the normalized losses.
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wealth distribution A as given. That is, they do not internalize that in equilibrium a = A. So, the
aggregate state space is (y, A) and individual agent’s state space is (a,y, A). Let the agent’s value
function be denoted by V' (a,y, A) and let the derivative be denoted by &(a,y, A) = 9,V (a,y, A),
which we refer to as the agent’s stochastic discount factor.

Following the approach in Section 2 and Appendix A, we can characterize equilibrium by a
collection of optimization, distribution, and market clearing blocks. We refer to this as the indirect
general equilibrium formulation because we do not impose market clearing in all the equations.
Formally, equilibrium consists of a collection of agent optimization functions and price functions:

(Cvgaﬂfag§)(aayaf4)a (Q7:uqa0-q)(yaA)
satisfying the following set of equations:
0= — UI(C) + 6(&7 Y, A)

y
0= —p+pela,y, A) + —— + JA)+ oe(a,y, A)o,(y, A
p+ pe(a,y, A) 0.4 tq(y, A) + o¢(a,y, A)og(y, A)
c(a,y, A)
a

[Optimization]

Yy
a\, 7A = + 7A -
ta(a, y, A) A 11q(y, A)

0a(y, A) = 04y, A)
A=a

[Distribution]

c=Y
[Clearing]
q(y, A) = A

where i, pg, 0¢, 04 are the geometric drift and volatility of § and ¢, which can be computed by
It6’s lemma in space of {a, y, A}:

pela,y, A) = 0u&(a, y, A)apa(a,y, A) + 0,(a, y, A)ypy(y) + 0a&(a, y, A)Apa(y, A)
+ 0.50..&(a, vy, A)aQ(aa)Q(a, y, A) + 0.50,,&(a, v, A)y2(ay)2
+0.59448(a,y, A)A%(04)*(y, A) + Bané(a,y, A)aAcy(a,y, A)oaly, A)
+ 0ya€la, y, A)yAoy(y)oaly, A) + Ouyé(a, y, A)ayoa(a,y, A)oy(y),

o¢(a,y, A) =0.8a04(a,y, A) + 0aé(a,y, A)Aoaly, A) + 0,€yay(v),
qhg(y, A) = daq(y, A)Apa(y, A) + 0ya(y, A)ypy(y) + 0.59449(y, A) (Ao a)?
+0.50,,9(y, A) (yUy>2 + 0ayq(y, A)yAoyoa
qo4(y, A) = 0aq(y, A)Aoa + 0yq(y, A)yo,
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Observe that this characterization essentially writes the conditions for the partial equilibrium opti-
mization problem along with a collection of equilibrium conditions that must be imposed.
Alternatively, we can follow the approach in Appendix C.3 and tackle the general equilibrium
problem directly. We refer to this as the direct general equilibrium formulation because we im-
pose market clearing and a = A in all the equations. First, the goods market clearing condition
pins down the consumption ¢ = y so the SDF can be written entirely as a function of output:
&(a,y, A) = u/(y). Second, the asset market clearing condition ¢(y, A) = A implies that aggre-
gate wealth is an implicit function of output: A(y). This means that, in equilibrium, the Lucas
tree price is a function y, i.e., ¢(y, A(y)). Imposing these observations and substituting the market
clearing conditions into the Euler equation leads to the equilibrium ODE (or “master equation”)

for the asset price ¢(y):

0= —pt pely) + (qé) ‘ uq(y)> + oe(y)oay)

where fi¢, 114, 0¢, 04 are geometric drift, volatility of SDF and share price, computed by 1t6’s lemma
in space of {y}:

Epe = 0y (y)ypy(y) qptq = Oyq(y)y iy (y)
§oe = 0,6 (y)yoy(y) qoq = 9yq(y)yoy(y)

Numerical solution. We compare numerical calculation using the indirect and direct general equi-
librium formulations. In each case, we set up the loss function:

(i) Indirect general equilibrium formulation: Denote the aggregate state as s = (y, A) € R*
and denote S := (a,s). We parameterize a set of neural network &(a, s; O¢), 4(s;0,),
fiq(8;0,,), G4(8;©,, ), which need to satisfy the optimization, market clearing, and consis-

tency equations:

Le(S) = —p+ pela, 8) + q(ys) 4 114(8) + 0ela, 8)5,(s)

)M é(a, 8)) —y

I
—

= 04q(s)Aca + 0yq(s)yo, — §6,(s)
= 04q(8)Apa(s) + 0,q(s)ypy(y) + 0.5044q(s)(Ac4)?
+ O'5ayyq(3)(y0y)2 + aAyQ(S)?/AOyUA - Cjﬂq(s)>
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where we impose the optimal saving condition: c(a, s) = (u/)"*(£(a, s)). The loss function
for the deep learning algorithm is:

A

L1(8;0) = (Le+Ly+ Le+ Ly, +L,,)(S;0). (E.1)

(11) Direct general equilibrium formulation: Under this formulation there is only one aggregate
state variable s = y € R* so we parameterize the asset price §(s; ©r,), which needs to satisfy
the Euler equation:

Ly(y) = —p+pe(y) + q(yy) + tg(y) + oe(y)og(y)

and the loss function for the deep learning algorithm is:

Ly(y;0") = (Ly)(y;0) (E.2)

For computation, we assume the utility function takes the form wu(c;) = logc;, and the out-
put follows geometric Brownian motion: u(y,) = pys, o(y;) = oy,. We approximate the price-
dividend ratio f(y; ©f) = ¢(y)/y by a neural network. We compare training the neural network to
minimize the loss function from the indirect formulation (E.1) and the loss function from the direct
formulation (E.2). For each case we train neural networks with the same architecture (aside from
the number of inputs) and use the same optimization procedure. The only difference is the choice
of loss functions constructed.

Figure 10 reports the training loss on the left subplot and compares it with the analytical solu-
tion q(y, A) = y/p, A = y/p on the right subplot. We find that the neural network is less able to
solve the problem when minimizing the loss function from the indirect formulation: the L.-1 loss is
higher and the price function deviates substantially from the analytical solution. In addition, min-
imizing the implicit problem is less stable. During the epochs between approximately 3000 and
7000, the price curve fits the the analytical benchmark closely while other equilibrium conditions
are off. This switches around later in the training and the price curve stops fitting the analytical
benchmark closely.

One of reasons why training fails for the indirect formulation of the problem is because the
sampling in the partial equilibrium wealth space is inefficient. To understand this, note that in
equilibrium, total wealth is equal to total asset supply:

q(y, A) = A.
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Figure 10: Solution to the representative Lucas Tree model with log utility for two parameterizations: the
implicit GE View (orange) and the explicit GE View (blue). Left: L-1 training loss; Right: learned ¢(y)
(Explicit GE view) and implied ¢(a, y) (Implicit GE view, a clears asset market) compared to the analytical
benchmark: ¢ = y/p.

Given the price function ¢, the solution to the fixed point problem, if exists, is denoted by A*(y).
Therefore, in equilibrium, the price can be written implicitly as a function of y, i.e., ¢(y) =
q(y, A*(y)). Training the neural network to learn the price as a function of both individual wealth
and output y requires understanding a partial equilibrium relationship that is not necessary for
computing equilibrium prices.

E.2 Imposing General Equilibrium in Heterogeneous Agent Economies and
Working in the Wealth Share Space
In Subsection E.1 we were easily able to impose equilibrium because the economy had a repre-

sentative agent. We now discuss how to do this in a model with heterogeneous agents and explain
why working in the wealth share space makes this easier.

Environment. Consider the same environment as is Section E.1 but now suppose there are I types
of price taking agent who enjoys flow utility u;(c;;) from consuming goods flow ¢;; and has dis-

count rate p;. The agents can now also trade risk free bonds in zero net supply.

Recursive representation in the wealth level space. Let a; denote the individual wealth of agent
i. The wealth distribution is § = {ay,...,an}. Let each agent’s value function be denoted by
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Vi(ai,y, g), and let the derivative be denoted by &;(a;,y, §) = Oa,Vi(as,y, g). Following the ap-
proach in Section 2 and Appendix A, we can again characterize equilibrium by a collection of
optimization, distribution, and market clearing blocks. Formally, equilibrium consists of a collec-
tion of agent optimization functions and price functions:

(Civ 52’7 ei,bv He; s Uﬁi)iﬁl(av Y, g)a (Qa Mg, Uq)(y7 g)

satisfying the following set of equations:

0= —u(c) +&(a,y,4)
L . y
(Optimization] 0= ~ P+ Healay:9)+ o+ 1y, 9) + 06 (a4, 9)7(y, 9)
Y . 5
0 ~ + 1q(y, 9) +0oe,(a,y,9)0q(y, 9) — 15y, g
. D oY, 9) + o, ( )oq(y,9) —7¢(y, 9)
5 5 Yy c(a,y,q)
ala,y,9) = Oy(a,y,g)ry + (1 —0y(a,y, g ( S y,g>
[Distribution] fa ) ol Jri 41 ol ) q(y,9) Haly: ) a
a(y,9) = 04(y, 9)
I
Zci(avyag):y
[Clearing] =t

where g, , 14, 0¢,, 04 are once again the geometric drift, volatility of SDF and share price, which
can be computed by Itd’s lemma in space of {ay, ..., a;, y}, which is denoted as s:

Eitte, (ai, 8) = (1s(8) © 8)T Di&i + 10, (8)a: D& + 04,(8)ai(07s(s) © 8)" Dy, &
+0.5(04,(8)a:)? D2 & + 0.5t {(04(s) © )" (04(s) © 8) D2 |
§i0¢,(ai,8) = (04(8) © 8)" D& + 04, (8)ai Do,
&ittg(s) = (ps(8) © 8)" Dyq + 0.5t {(04(s) @ 5)" (04(s) @ 8) D2g}
&ioy(s) = (05(s) © 8)" Dyg

Recursive representation in the wealth share space: Let w; denote the individual wealth share of
agent i. The wealth distribution is g = {w1, ...,w;_1}. The direct general equilibrium formulation
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consists a collection of optimization functions and price functions:

(Ci7 ’Siv ei,ln e, U&)iﬁf(ga 3/)7 <Q7 Mg, Uq)(g7 y)

satisfying the following set of equations:

0= —wu(c) +&(g,v)
y

[Optimization] 0= —"—< 4 pe(g.y) — s+ 0¢,(9,9)04(9,)
a(9,y)
0= —p+pe(g.y) +ry
) ) Ci 2
o (9,9) = 2 4 Ouy |1y — + g9 9) )| = —— + in(o
[Distribution] H(9:9) ag.y) " l ! (q(g,y) Halg y)ﬂ wiq(g,y) /()
Ow; (97 y) = = Uq(ga y)ei,b
ci(g,y) =y
=1
I
[Clearing] dwi=1
=1

1
Zwié’i,b =0
i=1

where fi¢,, 14, 0¢,, 04 are once again the geometric drift, volatility of SDF and share price, which
can be computed by It6’s lemma in space of {wy, ...,w;_1,y}, which is denoted as s:

Gitte (8) = (1s(8) © 8)" D& + 0.5t {(a,(s) © 5)" (0,(5) © 5) D26 }
&ioe,(s) = (o4(s) @ 8) D&

Eittg(s) = (ps(8) © 8)" Dyq + 0.5t {(04(s) © 5)" (04(s) @ 5) D2g}
&i04(8) = (04(s) © 5)" Dyg

Imposing market clearing. To impose asset market clearing explicitly, we treat the wealth of one
agent as a residual, e.g.,

-1
arp = Q(ah ---al;y) - Zai-
i=1
Given price function ¢(+, y), and the wealth level of first / — 1 agents, the asset market clearing con-
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dition implies: a; = a}(ay, ...,a;_1,y). The existence of a} relies on the implicit function theorem.
Let F(ay,...,ar,y) = S0, a; —q(ay, ..., ar, ). If ¢is C* and at the point of interest B‘Z(C”T“I’“”y) +#
1, then there exists a (locally unique) C*! function a} such that F(ay,...a;_1,a%(-),y) = 0. Impos-
ing directly the asset market clearing condition is equivalent to parameterizing price as function of
(a1, ...ar_1,y) and enforcing that the last agent takes the residual. In practice, the sampling region
should be more restricted in order to make sure the every agent’s wealth is greater than 0.

We now show how moving to the wealth share space allows us to use this approach to impose

market clearing more easily. Denote the wealth share of agent ¢ < [ by w;. Then, the asset market

(E)-

From this we can see that simple algebra can back out the last agent’s wealth share by w; =

clearing condition can be written as:

1 — >>/=! w; whereas, in the wealth space, the last agent’s wealth depends on the implicit function

*

aj.

Numerical Solution. We solve the problem numerically in the wealth share space. We parameterize

a set of neural network {7;(s; ©,,)}_,, {0is(s; 9., ) Y21, 64(s; Os,)> flq(s;©,,) which need to

satisfy the optimization, and consistency condltlons.20

Le(s)= —p+pe +ry

Lyi(s) = q(ys) + pg(8) — 15 4 0¢,(8)4(8)

Lo (s) = (05(s) ©8)"D; (M) .

) (14s(8) © 8)7 D (Z_yw) 0.5 {(O'S(s) © 8)7(04(5) © 8) D2 <Zyw>} .
(&%)

where we impose the optimal saving condition and the goods market clearing condition: (u})~*(&(s)) =

20In simple cases, it is not essential to parameterize {éi,b} il;ll, G4, f1q as we can solve for the portfolio weight and
spreads in closed-form, then express price drift and volatility via It6’s lemma. See more details in subsection G.1’s
code. In general economic problems, however, we need to parameterize these objects.
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Jii_y The loss function for the deep learning algorithm is:

D Miwi

L(s;0) = (Z[:(ﬁ& + Lyi) + ﬁoq) (s;0)

=1

In subsection G.1, we solve the asset price and compare with the analytical benchmark.

Connection to Azinovic and Zemlicka (2026). With the asset market clearing condition plugged
mw;=1-— {:—11 w;, asset price ¢ can be expressed in terms of consumption-to-wealth ratio and
wealth shares:
1
=y = flo, w19y
i=1TiWi
This expression nests the price-dividend ratio parameterization’s idea and extends to multiple-
agent setup. Compared to the representative agent’s case, we are imposing extra structure about

the goods market encoded into the output layer of neural network of f(-), i.e.,

1

f(8;0y) = :
g imi(s;0,,)w;

echoing the same insight from Azinovic and Zemlicka (2026).

E.3 Portfolio Choice and Parameterizing Consumption-to-Wealth Ratios

The previous Subsections E.1 and E.2 focused on imposing equilibrium in an economy with one
asset. We now consider the parametrization of economies with multiple assets and portfolio choice.
In simple macro-finance economic models, portfolio choice problems simplify because there are
closed-form expressions for the stochastic discount factor. However, in more complicated macro-
finance models, like in our paper, we need to solve for the stochastic discount factor numerically,
which is well known to be a difficult computational problem. In this subsection, we demonstrate
that parameterizing the consumption-to-wealth ratio rather than the stochastic discount factor di-
rectly helps the Neural Network to learn the equilibrium.

Environment: Consider a standard continuous time Merton portfolio problem. An agent receives
flow utility u(c;) from consuming goods flow ¢; and has discount rate p. There are two assets. The
first is risky asset with price ¢; and return dR{ = r?dt + o,dW; where W; is a Brownian motion
process. The second is a short-term risk free bond that pays interest rate r.
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Recursive equilibrium characterization: Let a; := b, + q;k; denote the market value of individual
wealth held by the agent, where 0; are holdings of the bond and k; are holdings of capital. Let
0, := qik;/a; denote the fraction of wealth the agent holds in the risky asset. Let V' (a) denote the
agent’s value function and let {(a) := 0,V (a). The agent choice and value functions (c,0,¢)(a)
solves the first order conditions and Euler equation:

0= —u/(e) +&(a)
T=- (rq(; ) i

0= —p+7r+pea)

where:

pe(a)(a) = 0ug(a)apta(a) + 0.5a°07(a) daat (a),

Numerical solution. We compare numerical calculation using the parameterization of SDF ¢ =

A

€(a; ©¢) and parameterization of consumption to wealth ratio, where the SDF is constructed as
£ = (h(a; ©,)a)”". In each case, we set up the loss function as follows:

Le(a;0) = —p+71+ pe(a).

The relative difference compared to the analytical solution is shown for each case is shown in
Figure 11. Evidently, the parameterization of the consumption-to-wealth ratio leads to a neural
network approximation that is much closer to the analytical solution.

E.4 Discussion: Market Clearing Conditions

The previous subsections focused on simplified models without production. In this final subsection
we return to our full model from Section 2 in the main text with investment and production. We
use this model to illustrate the advantage of imposing asset market clearing exactly.

Imposing asset market clearing: In the construction of our loss function in Subsection C, we
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Figure 11: Solution to the Merton’s portfolio problem. &: neural network implied consumption to wealth
ratio. Blue line: w parameterization; Orange line: ¢ parameterization of SDF; Green dashed line: analytical

N2
benchmark w* = %[P — (I =y)(r+ (T;w%)
-

r? = 2%, 04 = 2%, p = 5%, u(c) = cllj, ~ = 2.0). The analytical benchmark perfectly aligns with the
blue line.

)] is closed-form benchmark. (Economic parameters: r = 1%,

cleared the asset market by letting the last agent take the residual asset portfolio share:

W — w8l

9 = Loje{m,n,k}.

wr

where 1 is the share of aggregate wealth in asset j. We refer to this as the “exact” imposition of
market clearing because it prevents any approximation error in the market clearing equations and
instead forces any numerical approximation error into the first order conditions. Alternatively, we
could include an additional loss function for market clearing condition:

2

L = Z Z QZ@Z - 19]'

je{mn,k} \ie{h,f,b}

We refer this as the “approximate” imposition of market clearing because we are allowing the
Neural network to make small deviations from asset market clearing.

Numerical implementation: Figure 12 presents the household pension holdings computed using
two different methods. In the ‘MC Exact’ method, we impose all market clearing conditions
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Figure 12: The figure presents household pension holdings under two methods a) MC exact - market clear-
ing is exactly imposed in the solid line, and b) MC Approximate - market clearing is approximately solved
by including them in the loss function in the dashed line. For illustration, we compute the pension holdings
at randomly sampled household wealth-share points, keeping fixed the other state variables at their respec-
tive long-run average values.

explicitly. In the ‘MC Approximate’ method, we include market clearing in the loss function,
which means that it is solved for approximately. For illustration, we display the pension holdings
at randomly sampled household wealth share values, keeping the other state variables fixed at their
respective long-run average values. The ‘MC Exact’ solution shows a downward sloping pension
holding as a function of household wealth share, while the ‘MC Approximate’ solution is flat.
We found that, for many different parameterizations, allowing for slack in the market clearing
condition leads to an inelastic annuity demand curve. This means that allowing for a slack in the
market clearing condition leads to an inaccurate risk-shifter in the pension market FOC (equation
2.10).

F Multiple stochastic steady states (Internet Appendix)

Our model admits multiple stochastic steady states. Figure 13 displays the drift of the bank’s
wealth share as a function of its own wealth share. We sample 2000 points from the state space and
compute the equilibrium drift using the evolution equation in Theorem 2 in two economies: the
baseline economy and an alternate economy where households’ demand for deposits dominates
other assets. For illustration, we fit a cubic spline curve to the scatter points. In the baseline
economy, there is a non-degenerate stationary density around 7, = 0.23, as evidenced by the drift
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curve crossing zero at that point. In the alternate economy, the drift is increasing in the bank’s
wealth share, implying that the bank takes over the economy in the long run.

Baseline economy Alternate economy

0,003 o100

0,002 - Quong
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0.000 =

MoHn,

-0.001
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—0.0032
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Figure 13: The left panel plots the drift of bank’s wealth share as a function of 7, in the baseline economy.
The right panel plot the same in an alternative economy with high household deposit demand. In both panels,
scatter points represent the equilibrium drift from a sample of 2000 randomly drawn points from the state
space. The red and blue line represent a cubic spline fit to the points.

G Test Models (Internet Appendix)

We “test” our approach by using our algorithm to characterize the solution to three macro-finance
models that can be solved using conventional methods: a complete markets model, Basak and
Cuoco (1998), and Brunnermeier and Sannikov (2014). First we summarize the key results, and
then present the model details. For all models, we use simple feed-forward neural networks and
an ADAM optimizer. The details of the neural network parameters for each model are shown in
Table 9.

Model Num of Layers Num of Neurons Learning Rate
Lucas Tree Model 4 64 0.001
Limited Participation Model 5 64 0.001
Brunnermeier Sannikov Model 4 64 0.0005/0.005

Table 9: Neural network parameters for the three testible models. For Brunnermeier Sannikov model, we
set the learning rate for consumption-to-wealth ratio as 0.0005, and the learning rate for the portfolio choice
of expert as 0.005.
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Table 10 summarizes the mean squared error between the conventional solution and the neural
network solution. Evidently, the neural network and conventional methods converge to very sim-
ilar characterizations of equilibrium. Each following subsection describes how the model in that
section can be nested with the main model along with technical details.

Method L2-Error
Complete markets 1.8 x 107°
Basak and Cuoco (1998) 3.0 x 107

Brunnermeier and Sannikov (2014) 4.6 x 1078

Table 10: Summary of the algorithm performance and computational speed. Error calculates the difference
between solution by neural network and finite difference.

G.1 Lucas Asset Tree Model

We solve the Lucas Asset Tree model described in subsection E.2. We assume that each type : < [
of agents takes CRRA utility form with same relative risk aversion « and the output process y; of
the tree follows a geometric Brownian motion process.

dyy = pypdt 4 oy dWy.

Without financial frictions, there is simple aggregation of individuals’ Euler equations, which
coincides with the representative agent’s pricing equation.
Analytical Solution. In a representative agent’s world, by the standard Lucas tree pricing formula,
the asset price is determined by the discounted flow of dividends:

o) =B [ [ ] o [ [ ) ]

Note that for geometric Brownian motion, the distribution of output is given by:

in(y /o) ~ N (1 = 50, 0% )
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which means (the integral and expectation operator are interchangeable):

log[E(we/10) "] = (1 — ) (1 — 202t + = (1 — 7)20%

2 2
1
= (1=pt + 5y = 1)y0*t
= —gt
Therefore, asset prices are given by:
b~ Yo Yo
q(yo) — yo/ e pte gtdt — _ =
0 p+g  pt(y—Du—3v(y—1)0?

By goods market clearing condition, we know that ¢; = 1;, which means that the consumption
policy is:

e=[p+ (== 396 - 1] 4

Neural Network Solution. Though aggregation results hold, we still incorporate the wealth het-
erogeneity in our solution algorithm, i.e., we have [ asset pricing conditions and / Euler equations.
We compare the equilibrium asset price ¢(-, y) and consumption to wealth ratio w;(+,y) with the
“as-if” representative agent economy. The estimated time cost for the model with 5, 10, and 20
agents is about 2 mins, 10 mins, and 20 mins, respectively. The difference between the consump-
tion rule solved using our neural network method and the analytical solution is less than 0.1% for
5 and 10 agents, and 0.5% for 20 agents, respectively. The parameters for the complete market
model are provided in Table 12.

Num of Agents Euler Eq Error  Diff  Time Cost

5 <le-8 <le-8 2 mins
10 <le-8 <le-8 5 mins
20 <le-8 <le-8 20 mins

Table 11: Summary of the algorithm performance and computational speed. “Diff” means the difference
between representative agent case’s solution and brute-force. All errors and differences are in mean squared
error.
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Figure 14: Solution to As-if representative agent model. Left panel: asset price; Middle panel:
consumption-wealth ratio of agent 1; Right panel: the distribution of losses when training stops.

Parameter Symbol Value
Risk aversion v 5.0
Agents’ Discount rate p 0.05
Output Growth Rate o 2%
Volatility of Growth o 5%

Table 12: Model parameters.

G.2 Asset Pricing with Restricted Participation

We carry forward modifications to the main model from the previous section to mimic the en-
dowment economy. Consider an infinite-horizon economy with two types of price-taking agents:
expert (indexed by e) and household (indexed by h). The financial friction is that households can-
not participate in the capital market. Experts do not face this constraint. Mathematically, it is stated
as

U, (ai, b;) = —ﬁi(ai — b;)%, b, = 00,1, = 0.

As before, the output y; follows a geometric Brownian motion process.

dyr = pyrdt + oy dZ;.
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Finite Difference Solution. We exploit the scalability for geometric Brownian motion’s case to
get a precise solution by focusing on one-dimensional differential equation. For a scalable income
process, we postulate the price function as ¢ = f(n)y, where 7 is the expert’s wealth share with
no loss of generality, i.e., » = 1. (and 1 — n = 7,). Denote the consumption-to-wealth ratio as
wj,j € {h, e}, the value function can be written as:

1 iil_’y iNi 1=y 1= 1—v
= Lm) " (wmfm)7 vy e

pi 1—n pi L—7 1 -~

where v; is the scaled value function. From the first-order condition, we get 2!

L (wamg) T <Cz>’y _nif(n)

C: = —
Y (%

Wi = [nif@?)]%—lvi !

‘ Pi 1iq

From the goods market clearing condition, we have:

1:Zz»ci:Z<?7z~f(n)>”:y;wc(7]>:1'7 (G.1)

Yy i Vi

The HJB equation for the scaled value function v; is given by:

Y (%Z- 1 82111
[pi = (L —=)p+ 5(1 —7)o® —wiv; = [y + (1 - 7)0’%]77377 3 o ‘o, (G.2)
where (1,), 0))’s expressions are as follows.
_ 1—n 2
fy =(1 —n)(wn — we) + _T (rp —rq+(04)%)

1 —
Op =

n o
og,Where ry —r, = ocoy, 04 = o) .
1= (=)

The price of risk which appears in the asset pricing condition is determined by It6’s Lemma as
follows.
. vilmnoy _ f'(m)noy
= y '=>0e=0,—0;—0,— Y0 = — — o, — 0.
mif (n) ‘ o '

S _q

Ve

&i

2I'This expression leads to the boundary condition at np = 1:
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In finite difference solution approach, we introduce a pseudo time-derivative. (G.2):

1 Y1 o? — wilos = N Ov; 1% 5 5 Ovi
[pi = (1 =+ 51 =)o —wilvi = [y, + (1 7)0%]?7877+28n2?7%+ En

2
We then update the value function in an implicit scheme to solve the following equation.

Vitdt — Vi

plv = Mv
PLViyat t+dt T i )

where M is the differential matrix by upwind scheme, and I is the identity matrix.

Boundary Conditions. We focus on the case that n € (0, 1], as the economy is ill-defined when
experts are wiped out from the economy, i.e., there will be nobody left in the economy to hold the
tree in equilibrium. To get the right boundary, we use the asset prices and consumption policy w,
from the representative agent’s solution:

(1) = pe+ (= Dt = gy = Deal) = s,

. . . ., . . o 1
which implies the boundary condition: v.(1) = Py vy ot

The estimated time to solve the limited participation problem by neural network is about 5 min-
utes. We compare the finite difference solution with the neural network solution on 1’s dimension
in figure 15 for y = 1. We can see that our method well captures the high non-linearity (left-upper
panel) and amplification (right-lower panel). The parameters are provided in Table 13.

Parameter Symbol Value
Risk aversion ¥ 1.5
Households’ Discount rate Ph 0.05
Experts’ Discount rate Ph 0.05
Output Growth Rate o 2%
Volatility of Growth o 5%

Table 13: Parameters for the restricted participation model.
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Figure 15: Solution to restricted stock market participation model.

G.3 A Macroeconomic Model with Productivity Gap

The setup in this example follows Brunnermeier and Sannikov (2014). There are two types of
agents in this infinite horizon economy: experts and households. Both types can hold capital, but
experts have a higher productivity rate compared to households. The productivity rates are given
by zp, z. (2 < ze), respectively. Their relative risk aversions are the same, denoted by ~y. Output
grows exogenously by p, = yu, with volatility yo, and experts cannot issue outside equities. In
addition, we assume that households cannot short capital, which can be formally written as:

Wifan, bi) =~ (minfay — by, 01, 5 = o0
_ @Ee 2 —
U, (e, be) = —5(% —b.)*, Y. = 0.
The output flow of households and experts follow
dey = 2eYr, dng = 2nYe, dye = Yepdt + yr0d 2z,

The expected capital return is

de t dh t
: + uq7t7 Tq’h’t = :
4z G

TQ767t = + /’Lq,t'
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We rewrite the financial friction as the difference : ym%w For the first two equations, we have:
q

1 age o 1 age Ty —Tgh Ye — Yn
—— Oy = — 0y — +

£ Oy £ On 04 qo,

1 8§h B 1 (%'h T’f — ’I“q,h

gh ay gh 877 Oyq

Unlike the fully restricted participation’s case where the experts hold all capital, we have to keep
track of the capital allocation ratio of experts , which is parameterized as x = n+ X = 7+ Nyn®,
where N, is a trainable neural network, and 3 = % captures the power law for  — 0. Given the
expert’s capital share holding r, the volatility of wealth share o, is (x — 77)o,. The goods market
clearing condition (G.1) is replaced by

The estimated time to solve the model by our neural network method is about 5 minutes. Again,
we compare the finite difference solution with the neural network solution in Figure 16 for y = 1.
We restrict the range of 7 to be the crisis region in Brunnermeier and Sannikov (2014), which is
defined by the region where the capital share of experts x < 1. This region captures the fire-sale
region, where amplification takes place. We can see that the neural network solution well captures
most of the amplification in that crisis region. The parameters are provided in Table 14.
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Figure 16: Solution to the model with productivity gap.

Parameter Symbol Value
Risk aversion v 1.0
Households’ Discount rate Ph 0.04
Experts’ Discount rate Pe 0.06
Households’ Productivity Ze 0.11
Experts’ Productivity Zh 0.05
Output Growth Rate o 2%
Volatility of Growth o 5%

Table 14: Parameters for the macroeconomic model.
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H Social Mobility

From \ To Data | Model

0-25 25-50 50-75 75-100 | 0-25 25-50 50-75 75-100

0-25 67.2 24.5 6.4 1.9 82.6 17.2 0.1 0.0
25-50 24.6 49.9 19.2 6.3 17.3 68.9 13.8 0.0
50-75 6.7 18.6 46.8 28.0 0.1 13.8 79.5 6.6
75-100 1.4 7.4 27.5 63.7 0.0 0.0 6.6 93.4

Table 15: The left table presents the empirical transition matrix s;(q,¢’) that represents the probability
that households in quartile ¢ move to ¢’. The data is taken from Kennickell and Starr-Mccluer (1997) that
computes the transition matrix using the SCF data from 1983 to 1989. The right table presents the model
counterpart.
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